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ABSTRACT: We measure the complex rheological behavior of nearly critical gels and analyze the data
by searching for characteristic patterns and abstracting those patterns into a self-consistent model. The
sample is a linear, flexible, nearly monodisperse polybutadiene which gets cross-linked on its vinyl side
groups. The dynamic mechanical storage and loss moduli of cross-linking polymers change smoothly
during the liquid-solid transition, while equilibrium rheological properties (e.g., zero-shear viscosity and
equilibrium compliance) diverge. During gelation, the relaxation occurs in a distinct pattern which can
be described in a quantitative way with a minimum number of parameters. The pattern can be understood
as a combination of the BSW spectrum (representing the precursor relaxation behavior) and the selfsimilar Chambon-Winter gel spectrum (modeling the terminal relaxation due to growing clusters). The
spectrum is cut off at the material’s longest relaxation time, λmax. Our model parameters, λmax and Ge
(equilibrium modulus), exhibit characteristic scaling behavior with respect to the distance from the gel
point, |p - pc|. The relaxation exponent, n, in the terminal zone is a function of the extent of reaction.
Hence, dynamic scaling (requires constant n values) is not valid for our system. The proposed model
passes the self-consistency test by predicting the mechanical behavior (at different frequencies) as a
function of the extent of reaction and other rheological observations during the sol-gel transition.

Introduction
A cross-linking material is able to form molecular
clusters which grow in size. A transition from a liquid
to a solid state occurs when the largest cluster diverges
in size at a sufficiently high degree of cross-linking, pc.
The material at this transition (gel point, GP) is known
as a critical gel. Before the gel point, the liquid-like
behavior can be described by the zero-shear viscosity,
η0, which increases during cross-linking until it diverges
at the gel point. Beyond the gel point, the now solid
material is characterized by the growing equilibrium
modulus, Ge, which is zero before and at the GP.
Critical gels exhibit an unusually simple and regular
relaxation behavior which expresses itself in a selfsimilar relaxation modulus that was experimentally
observed by Chambon and Winter,1-3

G(t) ) St-n

(1)

where S is commonly called the gel stiffness and n is
the critical relaxation exponent. The self-similar relaxation behavior is valid in the terminal zone at long
times, λ0 < t < ∞. The lower limit corresponds to some
relaxation time that characterizes the crossover to a
different relaxation mechanism. In the case of low
molecular weight precursors (Mw < Me), this is the
crossover to the glass transition; for higher molecular
weight precursors (Mw > Me), λ0 characterizes the
crossover to entanglement relaxation.4 Since the longest relaxation time diverges at the gel point, the selfsimilar relaxation is valid to infinite time. The selfsimilar relaxation behavior can also be expressed by the
power law relaxation time spectrum (CW spectrum):1-3

H(λ) )

S -n
λ
Γ(n)

λ0 < λ < ∞

(2)

The relaxation exponent may adopt values 0 < n < 1.
Relaxation exponents less than zero would lead to an
unphysical increase in the relaxation modulus with
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time, and the upper limit of n < 1 guarantees the
divergence of the viscosity at the gel point. Consequently, the dynamic storage and loss moduli, G′ and
G′′, scale with frequency, ω, at the gel point:

G′ )

nπ
G′′
) SΓ(1 - n) cos ωn
tan δ
2

1/λ0 > ω > 0
(3)

This leads to a loss tangent which is independent of
frequency at the gel point and directly related to the
relaxation exponent n:

tan δ ) tan nπ/2

(4)

Due to the critical nature of the liquid-solid transition,
transient rheological properties such as zero-shear
viscosity and equilibrium modulus show a distinct
scaling behavior in the vicinity of the gel point:5,6

η0 ∝ (pc - p)-s

p < pc

(5)

Ge ∝ (p - pc)z

p > pc

(6)

Dynamic scaling based on percolation theory7-9 predicts
different values for s and z, depending on the specific
model assumption. Martin and Adolf10 report n ) 2/3, s
) 4/3, and z ) 8/3 in the case of Rouse behavior (complete
screening of hydrodynamic interactions), n ) 1, s ) 0,
and z ) 8/3 for Zimm behavior (hydrodynamic interactions included), and n ) 0.71, s ) 0.75, and z ) 1.94 if
the electrical network analogy introduced by de Gennes11
is used. Classical mean-field gelation theory12,13 based
on the Bethe lattice predicts10 n ) 1, s ) 0, and z ) 3.
De Gennes14 predicted that percolation theory should
hold for cross-linking of small-molecule precursors.
However, he argued that, for vulcanizing polymers (high
Mw), only a very narrow regime near the gel point exists
for which percolation is valid, i.e., these polymers should
exhibit more mean-field-like behavior.
Winter15 used the scaling of η0 and Ge to describe the
behavior of the longest relaxation time, λmax, in the
vicinity of the gel point. He derived from experimental
© 1996 American Chemical Society
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observations that λmax scales with the extent of reaction
as

λmax ∝ (pc - p)-R-, with R- ) s/(1 - n) p < pc

(7)

λmax ∝ (p - pc)-R+, with R+ ) z/n

(8)

p > pc

This may be simplified by postulating symmetrical
scaling before and after the gel point, R- ) R+, which
results in a relation between the different gel exponents:
15

n ) z/(s + z)

(9)

Since the longest relaxation time is difficult to assess
experimentally, this assumption has never been proven
directly. Durand et al.16 and Goldenfeld and Goldbart17
derived the same relation in different ways. One could
invert the above arguments and say that, if eq 9 is true,
the longest relaxation time diverges symmetrically on
both sides of the gel point. Experimentally, it has been
shown that eq 9 holds for cross-linking of very low
molecular weight precursors.18
Several models for the relaxation behavior of nearly
critical and critical gels have been presented.4,19-24
None of these models was able to describe all experimental observations in the vicinity of the gel point.
Either the models were restricted to the material at the
gel point, or they were developed for small-molecule
precursors only, or they simply did not yield good
agreement with experimental data.
In this study, we explore the complex rheological
behavior of nearly critical gels from high molecular
weight precursors by observing relaxation patterns and
subsequently formulating a phenomenological model
with a small number of meaningful parameters. This
search for patterns results in a unified picture, i.e., the
complex rheological behavior gets abstracted into a
simple model which governs all rheological observations
near the gel point. Mapping of the model properties and
self-consistency are important aspects in the development and application of the new model. The new model
can subsequently be used to study the origins of the
observed behavior using molecular approaches such as
molecular dynamics simulations. The unified and comprehensive picture presented by such a model simplifies
comparison of experiment and theory.

Rheological studies were performed both during the reaction
and after having stopped the reaction at intermediate conversions. Reacting samples were investigated at 28 °C using a
time-resolved rheometry technique25 in a Rheometrics dynamical spectrometer, RDS 7700, equipped with parallel plates
(diameter 25 mm). Cyclic frequency sweeps (CFSs) probed the
samples in a frequency window of 1-500 rad/s. Stopped
samples were prepared as follows: The reacting mixture was
poured into a mold with a diameter of 25 mm and a depth of
about 0.8 mm. This mold consists of a bottom rheometer plate
and an aluminum ring which was machined to fit tightly
around the plate. The gap between plate and ring was sealed
with a peroxide-cured rubber O-ring. At the desired reaction
time, an 80 wt % solution of tetramethylethylenediamine
(TMEDA), a catalyst poison, in toluene was sprayed onto the
sample. The poison rapidly diffused into the sample and
thereby effectively stopped the cross-linking reaction. The
average diffusion time of 1-2 min is considerably smaller than
the overall reaction time to reach the gel point (∼1 h). The
aluminum ring was then removed, and the sample was placed
into the rheometer. The dynamic mechanical response of a
variety of stopped samples of both PBD18 and PBD38, was
measured at temperatures between -75 and 50 °C.
The chemical extent of reaction during cross-linking was
monitored by FTIR spectroscopy. The reacting mixture was
placed between two KBr plates in an IBM IR/32 infrared
spectrometer at 28 °C which took a spectrum every 3-5 min
at a resolution of 4 cm-1. The reduction in absorbance at
around 2120 cm-1 is linearly proportional to the depletion of
the cross-linker’s silane group. This is a measure of the extent
of reaction.26 The validity of Beer’s law (linearity between
absorbance and concentration) was tested with a set of welldefined samples of different cross-linker concentrations. The
extent of reaction is calculated from the height of the silane
absorption band at time t and the initial height at time t ) 0
(taken from the calibration curve). A direct correlation
between rheological data and extent of reaction was possible
by simultaneously performing rheological and infrared experiments on the same sample. The temperatures of rheometer
and spectrometer were calibrated prior to the experiments to
agree within (0.5 K.
All rheological data were analyzed using IRIS27 and GELPRO25 software. Stopped sample data at different temperatures shifted onto master curves, and relaxation time spectra
were subsequently calculated using the parsimonious model.28
CFS experiments on cross-linking samples were analyzed
using GELPRO. The CFS data are split into separate sets
(one for each experimental frequency) to follow the evolution
with time at different frequencies. Frequency-dependent data
can then be interpolated at any given time of the experiment,
i.e., at any stage of cross-linking, resulting in an instantaneous
rheological picture of the material.

Experimental Section

Experimental Results

Linear, flexible, nearly monodisperse polybutadienes with
two different molecular weights (PBD18, Mw ) 18 000, and
PBD38, Mw ) 38 000) were cross-linked with a bifunctional
cross-linker, p-bis(dimethylsilyl)benzene at the pendant 1,2vinyl units that are randomly placed along the backbone of
the chain. The characterization of the polybutadiene precursors is given elsewhere.4 The cross-linking reaction was
catalyzed by a platinum compound, cis-dichlorobis(diethylsulfide)platinum(II), which was applied as an 8 × 10-6 M solution
in toluene. Samples were prepared by mixing 0.6 g of polymer
precursor with 0.03 mL of catalyst solution in a ceramic
crucible using a microspatula. The solvent was removed from
the mixture by vacuum stripping at 70 °C for 2 h. The mixture
was then allowed to cool to room temperature before the
stoichiometric amount of cross-linker was added. In this
study, a stoichiometric ratio (ratio of the number of functional
groups of the cross-linker to the number of vinyl groups per
polymer chain) of unity was chosen for all experiments. The
addition of the cross-linker started the reaction. The mixture
was stirred for 6 min before it was used in an experiment.

Infrared spectra during the cross-linking reaction of
PBD38, Figure 1, show the depletion of cross-linker
silane groups reflected in the decrease of the absorption
band at 2120 cm-1. The reaction of vinyl units causes
the decrease of the absorption band at 1637 cm-1. The
fractional extent of reaction was calculated from the
height at time t and the initial height at time t ) 0 (from
calibration curve) of the 2120 cm-1 absorption band,
since this decrease is more pronounced than that of the
vinyl absorption band at 1637 cm-1:

p(t) )

h(t0) - h(t)
h(t0)

(10)

Figure 2 shows the resulting dependence of the fractional extent of reaction, p, on reaction time, t, for the
case of PBD38.
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Figure 1. Infrared absorption spectra of cross-linking PBD38.
The absorbance band at 2120 cm-1 corresponds to the silane
groups of the cross-linker, and the 1637 cm-1 peak results from
CdC stretch of the pendant vinyl units on the polymer.

Figure 2. Fractional extent of reaction vs time as determined
from FTIR spectra (see eq 10) for cross-linking PBD38.

Figure 3. Evolution of dynamic moduli during cross-linking
of PBD38 at 28 °C. Data at three different frequencies are
shown (open symbols, G′; filled symbols, G′′).

Dynamic storage and loss moduli, G′ and G′′, typically
evolve as shown in Figure 3 for PBD38 at three different
frequencies. A corresponding data set exists for PBD18.
The gel time was taken from the crossover of tan δ
curves at the lower frequencies, as described above (see
eq 4). This results in gel times of 53 min for PBD18
and 41 min for PBD38 which correspond to critical
extents of reaction, pc, of 20.3% for PBD18 and 15.7%

Figure 4. Dynamic moduli data (symbols) and model (line)
of stopped PBD18 samples at different extents of reaction (Tref
) 28 °C): (a) storage modulus, G′; (b) loss modulus, G′′. The
gel point is marked by a dashed line.

for PBD38. The relaxation exponent was calculated
from the value of tan δ at the gel point (eq 4) (PBD18,
n ) 0.5; PBD38, n ) 0.45).
Master curves for stopped samples of PBD18 and
PBD38, Figures 4 and 5, respectively, could be constructed using time-temperature superposition. A
dashed line marks the gel point. The shift factors are
very similar for samples at different stages of crosslinking (Figure 6). This completely agrees with previous
results on linear and branched polybutadienes.29,30 It
is evident that the most important changes occur in the
terminal zone, while the entanglement relaxation behavior is only marginally affected. This is probably due
to the small number of chemical cross-links added
compared to the number of entanglements (temporary
cross-links) already present in the precursor material.4
Using GELPRO software,25 frequency-dependent dynamic moduli from the time-resolved rheometry experiment could be interpolated at discrete times, ti. Each
interpolated data set can be viewed as a “snapshot” of
the material at a certain intermediate reaction stage.
This allows comparison (within the CFS frequency
window) with dynamic moduli master curves of a
stopped sample at the same extent of reaction. Figure
7 shows this superposition of stopped sample master
curves and interpolated dynamic moduli for several
PBD38 samples. Equivalent reaction times ti were
determined for the stopped samples by matching them
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Figure 7. Superposition of stopped sample master curves and
interpolated data from CFS experiment for PBD38.

master curves and interpolated dynamic moduli, the
FTIR experiment now yields the respective extent of
reaction. Although the catalyst poison takes some time
to diffuse through the entire sample thickness and the
sample therefore is not completely homogeneous, the
superposition between stopped sample data (an average
of the different cross-linking stages in the sample) and
interpolated CFS data (at a single cross-linking stage)
is very good. Therefore, the relaxation behavior of the
slightly inhomogeneous stopped sample is characteristic
for a material with a single extent of reaction, p(ti). The
extents of reaction of all stopped samples of PBD18 and
PBD38 as determined by this method are given in
Figures 4 and 5, respectively.
Relaxation Patterns and Model Spectrum
Figure 5. Dynamic moduli data (symbols) and model (line)
of stopped PBD38 samples at different extents of reaction (Tref
) 28 °C): (a) storage modulus, G′; (b) loss modulus, G′′. The
gel point is marked by a dashed line.

Figure 6. Horizontal shift factors, aT, for several PBD38
samples before and after the gel point. The line represents the
WLF fit for the uncross-linked sample.

with interpolated “snapshot” data. The accuracy in
determining the best time, ti, for each sample lies within
(20 s. For each time, ti, during the CFS experiment,
the concurrently performed FTIR measurement yielded
a corresponding extent of reaction p(ti). Knowing the
reaction times that correspond to the stopped samples
from the described superposition of stopped sample

We propose to use modeling as a tool for analyzing
the experimental observations and for detecting characteristic patterns in the behavior. We attempt to cast
all the rheological observations near the gel point into
a model for the relaxation time spectrum. As an
objective, we look for the simplest model because it
reveals patterns in the relaxation behavior and intercorrelations between the different observations.
The modeling of the G′, G′′ data consists of four major
steps: (1) calculation of the relaxation spectra of
networks at different extents of reactions (using the
method of Baumgärtel and Winter28), (2) determination
of characteristic relaxation patterns, (3) abstraction into
a simple model and evaluation of model parameters, and
(4) application of this model to predict the transient
relaxation behavior during the gelation process and
certain other rheological observations at the gel point,
thus checking the model’s self-consistency. The result
should be, if the modeling is successful, a unified and
self-consistent picture of the gelation process.
Precursor Spectrum. The relaxation behavior of
the nearly monodisperse polymer precursor follows a
distinct pattern which can be described by the BSW
relaxation time spectrum.31,32 The spectrum consists
of a superposition of two power laws with slopes -ng
and ne describing the glass transition and entanglement
regime, respectively:

H(λ) ) neGN°[(λ/λc)-ng + (λ/λe)ne]
for λ < λe

(11)
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λc, λe, and GN° denote a characteristic relaxation time
for the glass transition, the longest relaxation time, and
the plateau modulus, respectively.
The BSW spectrum is the simplest spectrum known
to be able to describe G′, G′′ data of polymers with linear
flexible molecules of uniform molecular weight. More
complicated proposals can be found in the literature, but
their increased level of detail is not sufficiently supported by data. A more detailed spectrum cannot be
extracted from the data due to the Morozov discrepancy
principle.33 The Morozov principle expresses the fact
that a physical model for describing a data set cannot
be of higher accuracy than the noise in the data. For
this reason, we decided to stay with the simplest choice
of sufficient accuracy, the BSW spectrum.
It is important to note that the addition of the crosslinking agent plasticizes the material, but the mixture
can still be described by a BSW spectrum. However,
BSW parameters for the pure polymer and the mixture
of polymer and cross-linker differ, as determined by De
Rosa and Winter.4
Model Extension for Nearly Critical Gels. (i)
Before the Gel Point. The cross-linking reaction
permanently connects precursor molecules and thereby
introduces longer relaxation times which have to be
taken into account. This is accomplished by adding a
third power law with slope -n (CW spectrum) to the
precursor spectrum. Beyond the longest relaxation time
of the precursor (cutoff of the original BSW spectrum),
λe, the CW spectrum represents the relaxation behavior
in the terminal zone up to the growing longest relaxation time, λmax (λe < λ < λmax). This longest relaxation
time increases with growing cluster size (increasing
extent of reaction) and, at the gel point, diverges to
infinity. The relaxation exponent n can also be a
function of p.19,20 When modeling the relaxation spectrum of critical gels of high molecular weight model
polybutadiene precursors with a combination of BSW
and CW spectra, De Rosa and Winter4 found it necessary to decrease the slope of the entanglement power
law, ne, which is a possibility also considered in the
present work by introducing a modified slope, Ane, in
this region.
(ii) Beyond the Gel Point. The experimental data
of materials after the gel point required the addition of
a boxlike contribution to the spectrum (termed H∞) in
order to be modeled satisfactorily. A simple decrease
of the relaxation exponent n, for example, could not
model the increase in G′′(p) after the gel point. Furthermore, the equilibrium modulus, Ge, is finite beyond
the gel point, characterizing the elastic behavior of the
material at low frequencies.
Based on these results, the following spectrum is
proposed:

H(λ) )
neGN°(λ/λc)-ng + H(λe)(λ/λe)Ane for 0 < λ < λe
for λe < λ < λmax
(H(λe) - H∞)(λ/λe)-n + H∞
(12)

{

The BSW part of the spectrum (0 < λ < λe) describes
the entanglement and glass transition behavior, and the
CW part (λe < λ < λmax) represents the terminal zone
relaxation. The parameter H∞ is zero before the gel
point and carries a positive value after GP. Figure 8
shows a schematic of this spectrum before and after the
gel point. This simple model is capable of describing
the inherent relaxation patterns of nearly critical gels.
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Figure 8. Schematic of the model relaxation spectra before
and after the gel point.

The height of the entanglement power law is lowered
from the precursor value of neGN° to H(λe), which can
be calculated as follows without introducing any additional parameter: the plateau modulus GN° (which
can increase with increasing conversion) is related to
the loss modulus without the glassy contribution
G′′ent.,term.,34

GN° )

2
π

∫-∞∞G′′ent.,term.(ω) d ln ω

(13)

which can be converted into

GN° )

∫0λ

max

Hent.,term.(λ)

dλ
λ

(14)

The integration in eq 14 results in

GN° + (H∞/n)[1 - (λmax/λe)-n - n ln(λmax/λe)]
H(λe) )
1
+ (1/n)[1 - (λmax/λe)-n]
Ane
(15)
The parameter set can therefore be split into two parts,
one set describing the precursor relaxation (GN°, ne, ng,
λc, λe) and the second set describing the modifications
of this relaxation behavior due to gelation (A, n, λmax
before the gel point; A, n, λmax, H∞, Ge after the gel
point). The precursor parameter set is evaluated for the
first sample of both materials (no cross-linking) and
remains unchanged for all other samples. The remaining parameters are evaluated using IRIS DS (Iris
Development System) software. The evaluation procedure is described in more detail in the supporting
information available for this paper. Figures 4 and 5
show the comparison between experimental and calculated dynamic moduli for the stopped samples of PBD18
and PBD38, respectively.
The relaxation exponent n decreased with increasing
extent of reaction, as shown in Figure 9 for PBD18 and
PBD38. The inset in this figure depicts the behavior of
parameter A with extent of reaction for the PBD18
example.
In addition to the longest relaxation time, λmax, before
and after the gel point, eqs 7 and 8, and to the
equilibrium modulus, Ge, eq 6, the parameter H∞ also
follows a characteristic scaling law:

H∞ ∝ (p - pc)β

(16)
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Figure 9. Evolution of relaxation exponent n with extent of
reaction for PBD18 and PBD38. The line represents a third
order polynomial approximation of the PBD18 data. The inset
depicts the dependence of parameter A (decrease of entanglement exponent ne) for PBD18.

Figure 11. Evolution of dynamic moduli during cross-linking
of PBD38 at 28 °C. Comparison of data (symbols) and model
(line) at three different frequencies (open symbols, G′; filled
symbols, G′′).

only to simplify the modeling process; no physical
significance is given to the functional form). The scaling
equations (eqs 6-8 and 16) are used to calculate the
model parameter at several extents of reaction. This
restricts the model to the vicinity of p ) pc since the
power laws should break down at some distance from
pc. This distance is not known beforehand and has to
be determined in the course of the study.
The model also describes other experimental observations near and at the gel point. The divergence of zeroshear viscosity and equilibrium compliance is predicted,
and power law exponents for the divergence of η0 can
be found (s ) 1.16 for PBD18 and s ) 1.19 for PBD38).
Using the proposed model combination of BSW and
CW spectra, the gel stiffness is found (using eqs 2 and
12 and some simplifications) to be

S = neΓ(n)GN°λen
Figure 10. Scaling of parameters λmax, Ge, and H∞ with
distance from the gel point, |p - pc|, for PBD18. Symbols depict
the values extracted from modeling the stopped sample master
curves, and lines represent the corresponding fit by linear
regression.
Table 1. Comparison of Scaling Exponents Predicted by
Several Gelation Theories and Experimental Scaling
Exponents for Our Model
n

s

z

R-

R+

β

Theoretical10
Flory-Stockmayer
1
0
3
0
3
network with Rouse dynamics 2/3 4/3 2.67 4
4
electric network analogy
0.71 0.75 1.94 2.59 2.73
PBD18
PBD38

Experimental
0.5 1.16 2.39 2.48 1.16 1.26
0.45 1.19 1.97 2.42 1.35 1.00

The scaling of these parameters for PBD18 is given in
Figure 10. Scaling exponents which are valid for our
model were found by linear regression and are listed in
Table 1.
Self-Consistency of the Model. The final modeling
step is the self-consistency test. The model spectrum
and its dependence on p were used to calculate the
evolution of dynamic moduli with extent of reaction
(Figure 11). The functional dependence of n and A on
extent of reaction can be very closely approximated by
a third order polynomial and a sigmoidal function,
respectively, for this purpose (these functions are used

(17)

This is of the same basic form as the experimentally
observed relation between the gel stiffness, S, and the
relaxation exponent, n:35,36

S ) G0λ0n

(18)

with the crossover relaxation time, λ0, equal to the
longest relaxation time of the polymer precursor, λe, and
G0 equal to neΓ(n)GN°. Since neΓ(n) is in the order of
unity, G0 is found to be in the order of magnitude of
the plateau modulus, GN°. Likewise, G0λ0 can be
calculated to be approximately the magnitude of the
zero-shear viscosity of the precursor, η0. This agrees
with the experimental observations.35,36
Another experimental observation,4,23 the scaling of
the rates of change of the dynamic moduli at the gel
point with frequency (in the terminal zone),

∂ ln G′ ∂ ln G′′
∝
∝ ω-κ
∂p
∂p

(19)

(with a value for the exponent κ of approximately 0.2),
is also described by our model.
A more in-depth discussion of these observations and
the corresponding model predictions is given in the
supporting information.
Discussion
Our rheological experiments on nearly critical gels
from high molecular weight precursors exhibit a char-
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acteristic relaxation pattern that can be described with
our phenomenological model. The new spectrum, eq 12,
has a very simple functional form since it only consists
of a superposition of several power laws. It therefore
represents an extension of successful power law relaxation time spectra as applied to nearly monodisperse
linear flexible polymers,31 bimodal blends of such polymers,37 and branched polymers with uniform arm
lengths.38 Besides this inherent simplicity, the parameters of our new model show interesting p-dependence.
The relaxation exponent n is not constant but changes
with p, and the plateau modulus GN0 increases slightly
with increasing p due to the addition of cross-links in
the material. The entanglement slope of the precursor
spectrum, ne, (expressed by the parameter A) changes
as well, which can be understood in terms of polydispersity effects. Polydispersity due to random crosslinking introduces a broadening of the spectrum.39
Furthermore, a new contribution to the spectrum, H∞,
appears after the gel point for reasons which are not
completely understood yet. It adds a nearly constant
value to G′′ for frequencies above ω ≈ 1/λmax. Below this
frequency, the drop-off to liquid-like behavior (G′′ ∝ ω2)
can be seen. H∞ also affects G′ as well as the relaxation
modulus G(t), however, less significantly since, after the
gel point, the equilibrium modulus Ge dominates the
behavior of G′ at low frequencies and of G(t) at long
times. Ferry34 noticed a similar trend in the relaxation
spectrum of cross-linked amorphous polymers. He
attributed this to some continuing degree of relaxation
(although low) at long times. This contribution of H∞
strongly resembles the box of Tobolsky’s wedge-box
spectrum,40 which he used in an attempt to describe the
entanglement relaxation. This suggests that the contribution of H∞ might arise due to an additional longrange constraint imposed on the relaxation process. A
possible cause might be large molecular clusters that
are trapped by the infinite network. If, with increasing
extent of reaction, additional clusters develop, then they
could lead to an increase in H∞ and G′′. On the other
hand, more and more clusters connect to the network
and, thus, contribute no further to the loss modulus.
After a sufficient degree of cross-linking, more clusters
connect to the network than are being formed. This
results in a maximum of G′′ and H∞ and a subsequent
decrease at a certain distance beyond the gel point. A
physical model that would directly predict such relaxation behavior could not be found in the literature.
The contribution of H∞ has to be distinguished from
the equilibrium modulus, Ge, which also has a non-zero
value only after the GP. The equilibrium modulus only
contributes to G′ and G(t), and it adds a constant to both
material functions for all frequencies and times, respectively. The box H∞ is part of the spectrum. Its
contribution appears in G′ and G′′, as well as in G(t).
However, it does not contribute below ω ≈1/λmax (for G′
and G′′) and beyond t ≈ λmax (for G(t)). The difference
can be seen when using the following equation to
calculate the relaxation modulus from the spectrum:34

G(t) ) Ge +

∫0λ

max

dλ
λ

H(λ) exp(-t/λ)

(20)

Ge is time independent and contributes to G(t) at all
times. The contribution of H(λ) (and therefore also H∞)
to the relaxation modulus is, however, time dependent
because of the exponential in the integral.
Sensitivity Analysis. The model is quite sensitive
to small variations of the parameters, which allows

determination of the parameters within narrow margins. Before the gel point, the parameters (A, n, λmax)
can be evaluated nearly independently of each other.
This results in errors of approximately (5%. After the
gel point, A and n can still be considered independent,
but λmax, Ge, and H∞ have to be evaluated simultaneously and affect the same region of the relaxation
response. Furthermore, the accuracy of the data determination suffers if the low-frequency range of the
sample is not fully covered by the experimental window.
This is the case with the PBD38 samples beyond GP.
Only the lower limit of the longest relaxation time could
be evaluated. Since the choice of λmax influences the
height of the storage modulus at low frequencies, it also
affects the suitable choice for the equilibrium modulus.
For these reasons, the error involved with parameter
evaluation is more pronounced after the gel point
(around (15%) than it is before the gel point.
Matching of the Data Sets. Two types of data sets
were used in the parameter evaluation; both came from
the same sample batch but differ in the experimental
procedure. The first data set is measured on stopped
samples over a wide range of frequencies, but without
knowing the specific extent of reaction. The second data
set is taken during the cross-linking process, giving G′,
G′′(ω,t) data from the rheometer and p(t) data from
FTIR. The disadvantage of the second data set is its
very small frequency window. By matching the two
data sets visually on the computer screen, it is possible
to assign specific p(t) values to the stopped samples.
These values are used to describe the p-dependence of
the rheological parameters in the gelation model.
Critical Extent of Reaction and Parameter Scaling. Errors in the estimation of times ti for the stopped
samples and the critical gel time, tc, from the CFS
experiment and possible discrepancies between the
temperatures in the rheometer and the infrared spectrometer lead to small errors of about (0.006 in the
determination of p and pc. Also, the relative error in |p
- pc| (important in deriving the scaling behavior) is
small since |p - pc| is greater than 1% for the samples
considered in the evaluation of the p-dependence of the
model parameters.
Subsequently, the model parameter dependence on
extent of reaction (or distance from the gel point, |p pc|) could be investigated. The parameters λmax, Ge, and
H∞ follow characteristic scaling relations with the
distance from the gel point. Table 1 gives a comparison
of experimental scaling exponents and scaling exponents
from several gelation theories. It can be clearly seen
that neither of the theories predicts the exponents found
in this study. Therefore, the parameters of our model
spectrum cannot be predicted from prevailing gelation
theories. This is probably due to the fact that percolation theory does not apply to our system except very
close to the gel point.14 Also, our approach to those
parameters and scaling exponents differs from the
approach taken in the theories, and the values cannot
necessarily be compared directly.
The assumption that λmax exhibits symmetric scaling
before and after the gel point15 could not be verified for
our model; in fact, the exponents R- and R+ differ
significantly. The scaling exponents are very sensitive
to small changes in |p - pc| as recently confirmed by
Lusignan et al.18 Our method of determining the gel
point from the tan δ crossover and the distance from
the gel point by matching our data sets is very precise.
Calculations of the largest possible error when using
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combinations of the previously given error bounds for
|p - pc| and λmax result in absolute errors of approximately (0.15 for R- and R+. The conclusion of
nonsymmetric scaling of λmax is not affected, even when
using these largest possible errors.
Relaxation Exponent n. A constant value for the
relaxation exponent, n, in the vicinity of the gel point
has been hypothesized repeatedly in the literature.22,24,41
A constant n value would allow time-cure superposition, which was first proposed by Adolf and Martin.22
Hodgson and Amis41 confirmed this principle on a
slightly different system. Both studied gelation in epoxy
systems, starting from monomer precursors.
A constant n value is also required for the validity of
dynamic scaling.8,9 Rubinstein et al.21 applied this
dynamic scaling theory to dynamic moduli data of
several stopped samples from condensation of diesters
with alcohol. The theory, with its prediction of a
constant n value, does not result in particularly good
agreement between model and experimental data.
In this study, it was found that n is a function of
extent of reaction for the investigated cross-linking
system (starting from high molecular weight precursors). Therefore, time-cure superposition was not
applicable here. Horizontal and vertical shifting of the
terminal zone data did not yield a unique master curve.
The time-cure superposition might work for small
molecules but not for our system of high molecular
weight precursor.
Conclusions
The model polymer combines the relaxation characteristics of a nearly monodisperse linear precursor
material with the broadening of the relaxation spectrum
due to cross-linking. The gelation process introduces
broad polydispersity (at GP, the polydispersity index
diverges); however, the characteristic relaxation features of the monodisperse precursor are still distinguishable at states significantly beyond the gel point.
Major changes to the spectrum are seen in the terminal
zone, where the increasing network connectivity results
in the appearance of longer relaxation modes. These
slow modes are distributed as a power law with the
exponent n decreasing with increasing extent of reaction. At the same time, the longest relaxation time
increases before and decreases again after the gel point.
The entanglement and glass transition regime are
dominated by the precursor’s relaxation behavior, except
for a decrease in the entanglement power law exponent
due to polydispersity effects.
By observing characteristic patterns in the relaxation
of samples for which the cross-linking reaction was
stopped near the gel point, we were able to formulate a
phenomenological model for the relaxation time spectrum in the vicinity of the gel point using only a small
number of meaningful parameters. An appropriate
choice of these parameters resulted in good agreement
between model and experimental data on a large
number of stopped samples over a wide frequency
window. Despite its simplicity (superposition of several
power laws), the new model is able to describe all
rheological observations in the vicinity of the gel point.
Several basic questions could be answered experimentally. The most important concerns the relaxation
spectrum at long times. It may be represented by a
power law (self-similar relaxation) of slope n which is
cut off at the longest relaxation time. However, we
found the value of n to decrease significantly with
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increasing extent of reaction. This implies that dynamic
scaling theory and time-cure superposition do not apply
to our system of cross-linked polymers from high molecular weight precursors, at least in the investigated
range of distances from the gel point.
The longest relaxation time, λmax, and the equilibrium
modulus, Ge, scale with distance from the gel point, |p
- pc|. The scaling exponents for those parameters are
valid for our phenomenological model, but they cannot
be predicted by any of the prevailing gelation theories
since a different approach to those parameters is used.
Interestingly, the scaling exponents for the longest
relaxation time before and after the gel point differ
significantly with a stronger dependence before the gel
point.
The relaxation pattern of polymers near the gel point
was analyzed in terms of a few parameters and a simple
model approximation. The physical meaning of these
parameters will have to be explored further. The
observed patterns are intended to give guidance to
theoretical approaches to gelation such as molecular
dynamics and percolation.
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