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Abstract—The viscosity of a fluid in a Couette flow system can not be measured isothermally because
dissipation generates heat which has to be removed by conduction to the walls. The present paper investi-
gates the development of the temperature field from its isothermal initial state to the final equilibrium
condition, This knowledge is necessary for a judgment whether the viscosity can be measured at a time at
which the viscosity field is practically developed whereas the heat generated by dissipation is still negligible.
The developing temperature and velocity fields are calculated for a Newtonian fluid with a temperature
dependent viscosity assuming a locally and timewise constant wall temperature. A parameter (§5r)
characterizing the development of the temperature field determines how rapidly the temperature field
develops and whether an equilibrium condition exists at all.

NOMENCLATURE

a, thermal diffusivity [em?/s];

b(Fo), T.(Fo), Fouriet-coeflicients, see equa-
tions (23) and (29);

¢, heat capacity [kcal/kggrd]:

h, slot width [em];

k, dimensionless coordinate, y/h;

1. viscosity [kp . s/em?];

T, temperature [grd];

3 time [s];

U, unsteady part of temperature
field, 8 — 6,;

v, V, velocity in x direction [cm/s];

X, ¥, coordinates [c¢m];

8, temperature coefficient (8 > 0
for liquids);

4, thermal conductivity [kcal/
cmsgrd];

# dimensionless  temperature,
L+ B(T - T))Ty;

P, density [kg/em*];

T, shear in x direction on a plane

y = constant [kp/em?].

Indices

°, initial state;

=, equilibrium state;

W, at wall surface;

Br, Brinkmann number,
TR ATy

Fo, Fourier number, ta/h?;

Pr, Prandtl number, »/ap.

INTRODUCTION

THE MEASUREMENT of the viscosity of a fluid by a
device modeling Couette flow is made difficult
by the fact that it is impossible to maintain iso-
thermal conditions. The dissipation in the fluid
develops heat which has to be conducted to the
walls. As a consequence a temperature field
exists in the fluid at steady cperation.

This temperature field does not develop
instantaneously. Its establishment requires a
certain time the magnitude of which depends on
the fluid involved and on the experimental
conditions. Bartenew and Kusnetschikowa [1]
measured the required starting time for variouns
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kinds of Butadienkautschuk and found values
of order of magnitude of minutes. (The width
of the fluid layer was 1 and 3 mm and the shear
velocity between 0-01 and 26-5s %)

A measurement of the viscosity under iso-
thermal conditions must, therefore, be per-
formed at a time after the starting of the device
which is long enough for the velocity field to
develop fully but which is sufficiently short so
that the heat developed by dissipation is still
negligible. It will be demonstrated that for a
Newtonian fluid the Prandtl number is an
important criterion establishing the condition
under which the kinematic starting process is
finished before the thermal development begins.

Krekel (8) measured the shear stress and the
temperature of the fluid during the starting of a
Couette system, using silicone oil as a model
fluid. For operation with constant velocity he
found that with increasing values of §-Br the
fluid temperature increased more rapidly, which
in turn caused a more rapid and greater decrease
of the shear stress. Krekel calculated the tempera-
ture and the velocity field for the operation with
constant shear stress and used this solution as an
approximation for the operation with constant
velocity. The shear dependence of the viscosity
was taken into account by the sinh-formula and
the temperature dependence was taken to be
linear.

Powell and Middleman [2] investigated the
thermal development for a Newtonian fluid with
constant viscosity with the goal to establish the
time during which the uncooled walls of the
Couette system remain practically isothermal
and the time required for the development of
a constant temperature field in the walls. The
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F1G. 1. Plane Couette flow.
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restriction to a temperature independent
viscosity had the consequence that the times
obtained were a function of geometry and
thermal conductivity only and that the Brink-
mann number had no influence.

In this paper, the development of the tem-
perature field is calculated for plane shear flow
of a Newtonian fluid of variable viscosity with
the assumption that the walls remain at constant
temperature.

System of equations

The fluid considered in this paper is assumed
to be incompressible and Newtonian and to
have constant thermal conductivity and
diffusivity. The temperature dependence of the
viscosity is approximated by a linear function.
The solution of the velocity field has therefore
to be restricted to temperature ranges for which
this approximation applies.

The Couette flow is generated between two
plane walls (Fig. 1). Dynamic equilibrium
requires

doly, 1} oty 1) i
Framii (1)
where the velocity has only a component in x
direction. t denotes the shear stress acting in
x direction on planes y = const.
The relationship between shear stress and
viscosity is

)

The wviscosity in this equation depends in-
directly on the y coordinate,
The conservation of energy requires

. T(y.1) 2Ty, 1) dvly, 1)

A -
Yoot ay? dy

+ (v, 1)

(3)

The boundary and initial conditions for the
temperature field are

isothermal wall:

Ty =00=Ty=ht)=Ty @)
uniform initial temperature:

T(y,t=0=T, = T,.
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The temperature dependence of the viscosity
will be expressed by the equation

I Py
N 1,

in which #, denotes the viscosity at the initial
temperature Ty, The equations (2), (3) and (5)
can be combined to the expression

1800.0) _ 5°0001) | <(00). 1
e v R e
with
T—T
p=1+p0=T0) ®)
1,

Non-dimensionalization

The dimensionless parameter characterizing
the dynamic process, equation (1), is the product
of Fourier and Prandtl numbers

Fo.Pr = ;ihg. 7

The development of the temperature field,
equation (3), is characterized by the dimension-
less parameter

ta
Fo =15 (8)
TZ hz

Br=—-—
o/ To

9)

Fo and Fo . Pr are actually dimensionless times.
The Brinkmann number Br is the ratio of the
heat generated by dissipation to the heat
conducted away. In addition a dimensionless
coordinate

k = yh (10
will be introduced. With these notations the

temperature field can be expressed in the
following form

Eb(k, Fo) _ &*8(k, Fo) _*(k, Fo)
¢Fo ok 2

0gk<l, 0<Fo, (11)

b.c.: (0, Fo) = 6(1, Fo) = 1, 0 < Fo
ic: BkO) =1,0<k<1.

BBré (k, Fo),

Equation {11) can be solved exactly when the
ratio is constant. This holds for a starting
process with constant shear. For a starting
process with constant relative velocity

v(l, Fo) = VW,

the magnitude of t(k, Fo)/t,, will be estimated
in the following paragraphs.

Kinematic starting without heat dissipation

The calculation of the temperature field will
be based on the assumption that the kinematic
starting process is practically finished before
the heat dissipation has generated an amount
of heat which is not negligible. The shear stress
in the field is then uniform

z(k, Fo) — (Fo).

The kinematic starting process will be calculated
at first in order to justify this assumption:
At the beginning of the experiment, the plates

)
I~ 0,000
o8- 0,01
0,05

08~ 0,1
- \
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=

0.4 Fo-Przi

0.2

8]
viy.h
¥

F16. 2. Velocity field during kinematic starting with constant
velocity. The parameter Fo . Pr is a dimensionless time.
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F1G. 3. Equilibrium temperature field with §. Br as parameter.

and the fluid are at rest. At the time t =0
(or Fo = 0) the upper plate starts moving with a
constant velocity V5. In the course of time the
momentum “diffuses” from the moving plate
towards the plate at rest. The liquid layers in
this way accelerate towards the equilibrium
velocity (Fig. 2). The velocity field is obtained
as a solution of the Navier-Stokes equation,
equation (1) with (2). (For the calculation see

(3D

o

vk, Fo) -1y
Vy =k+2 pids:

n=1

exp(—Fo.Prn*n®}sin (nnk).  (12)

At a time which corresponds to Fo. Pr = 1, the
shear stress has approached the equilibrium
shear stress to 9999 per cent. This means for
the assumption above that the thermal starting
process at

1

FO:E

should not vet have started. Tt also indicates that
the calculation in the next paragraph applies to

yin

(8] 1
0 05
vF)
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Fi1G. 4. Equilibrium velocity field with §. Br as parameter.
(a) Velocity referred to V.

liquids with large Prandt! numbers only. From
Fig. 9, which will be discussed later on, one can
determine when this condition applies.

An analogous computation for the kinematic
starting for constant shear stress condition on
the moving plate leads to the same criterion.
The velocity field for this case is shown by
McKelvey [4].
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Fi1G. 4. (b) Velocity referred to V.
Starting condition for the thermal development a 0 r— 1. = const
The kinematic starting process is considered dFo e '
as finished. This means that an established ) B
: ; — cos ro.
velocity field is assumed 8,(k) = W_Sm /BBrk + cos../BBrk.
sin r
LR Y 13
v, (13) The temperature and velocity ficlds for steady
. condition are presented in Figs. 3 and 4.
and that the shear stress is The ratio of the relative velocity for equili-
o (14) brium condition to that at initiation of the
0= Moy movement is for the starting process with

The viscosity is constant since the field is still
isothermal.

T-T, =0 (15)

Equilibrium temperature field and the correspond-
ing stress and velocity field

The heat generated by dissipation causes the
fluid temperature to increase. Heat is removed
by conduction to the walls which are kept at the
original temperature. Under steady condition
the temperature field is such that all of the heat
generated by dissipation is removed by conduc-
tion. This equilibrium temperature field has been
calculated by various authors e.g. [5-10]. For
plane Couette flow, the temperature field is
obtained from the energy equation, equation
(11), with the conditions

constant shear stress given by the following
equation

l,Fo-ox) Vo 2—2cos /BBr |
WL0)  ~ V,  JpBrsm g7

For the start with constant relative velocity,
the ratio of the shear stresses is

Fo— o) 1, _ \/BBrsin \/BBr (18)
7(0) T 1, 2—2cos./BBr

The solution for the temperature field can be
composed from the equilibrium solution and
from a transitional contribution

8k, Foy = 8, (k) + Ulk, Fo). (19
Introducing this equation into the original
differential equation (11) results in the following
equation for the transitional contribution
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¢Ulk, Fo) &MUk, Fo)  t*(Fo) BBr
éFo — ok? 72
*(Fo)
Ulk, Fo) + — - 1] BBr@, (k).
0<k<gl, 0< Fo, {20)
b.c.: U0, Fo) = U{l,Fo) =0, 0 < Fo,
ic.: Uk,0) =1—0_(k), 0<k<l

Temperature field for operation with constant
shear stress
The experiments with constant shear stress
require

T=1Tg = T, = CONSst.

Equation (20) is being reduced to a linear differ-
ential equation with constant coefficients which
is solvable by a Fourier analysis.

The temperature field is

T(k,Fo) -~ T, 1|1 — cos,/BBr
T, B sin SBr

sin \/pBrk

H.H. WINTER

o]

+ cos /BBrk— 1 +Zb,,(Fo).§5’1%@] (21)

n=1

Fo=0,05
Fo=0,1
Fo=0.5
FoZ |

yrn

| 1
2

T-%
B A

FiG. 5. Temperature feld during thermal starting with
constant shear {for §. Br = 35).
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FIG. 6. Velocity field during thermal starting with constant shear (for 8. Br = 5). The
velocity is normalized with the starting velocity V.
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From the temperature field the velocity field
is calculated by integration

k

u(k, Fo) _ ‘r(Fo)j'H(Fo k) dk

% To

(1 —cos \/m)(l — cos \/m'k)

fBrsin ./ fBr

S

n=1

sin ./ BBrk
JEBr

(22)

— cos nrk)
nin?

The Fourier coefficients b, are obtained from
the starting condition

2. BBr

HTC

b= [~ (=114

X exp [F o(fBr — n*n?®)].  (23)

The temperature field (multiplied by the tem-
perature coefficient ff) is presented in Fig. 5 for
the parameter value §Br = 5 and for various
Fourier numbers, The velocity fields normalized
by the starting velocity ¥ and by the equilibrium
velocity V,, respectively are presented in Figs. 6
and 7.

Fo=0,001 20,01 £0,0
0,5 |
3
a 0,51
|
0 0.5 1
viy. )
Veo

Fic. 7. Velocity field during thermal starting with constant
shear (for f.Br = 5). The velocity is normalized with the
equilibrium velocity V..
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FiG. 8, Velocity field during thermal starting with constant
relative velocity V.

Temperature field for operation with constant
velocity

The initial and the final state of the tempera-
ture field is already known, equations (15) and
(16). The temperature field in the neighbour-
hood of the equilibrium state is approximated
by equation (17). Integration results in the
velocity field (Fig. 8)

vk, Fo)  t(Fo}
Voo 7o

(1 — cos ./BBr)(1 — cos ./pBrk)
[ /BBrsin \/BBr
sm JBBr

* B Zb

The local shear stress is described by the equa-
tion

t(Fo) _ |:2—Zcos.f,BBr

T4 /BBrsin,/BBr

Z bn(Fo).%] .

1 — cos (mtk)]. 24)

(23)
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We are, however, especially interested in the
deviation from the isothermal state. Therefore,
an approximate solution must be found for
small Fourier numbers. For this purpose, the

H. H. WINTER

t(Fo) |2 —2cos/fBr
o VBBrsin/fiBr

shear stress is assumed constant in consecutive = - (=1
intervals. A first approximation is obtained + Z T.(Fo) (T)] . (28)
from equations (18) and (25). For the following =
FiG. 9. Shear stress during thermal starting with constant relative velocity V. The parameter is
B . Br.
iteration steps the value of the shear stress is The Fourier coefficients are
taken from equation (28). Approximate solu- 28Br[1 — (—1Y]
tions for the temperature field, the velocity T (Fo)= Foy-i1 BB =3
field, and the shear stress field are s [x(Fo)/ 1“3:2] pBr —n’n
F
I ki (12‘70) exp| Fo (T (2 O),BBr - nzfcz)
T-T, IP — cos \/BBr sin VBB 72 T
Sl S Sl Y il BBk
T Bl sinpBr T ([(Fo)/e%] — 1} n*n?
+ 5 . (29)
fiBr — n°n

+ cos /BBrk —1 +i T (Fo) S0 ("“k)], (26)

FESY nr

vk, Fo)  t(Fo) [(1 —cos/BB1)(1 —cos /BBrk)

v, Ty J BBrsin /BBr

sin,/fBrk
— S T,
* VﬁBr * n=1 "

1 — k
(Fo) —;’f;(m‘ )], @7)

The starting process is presented in Fig. § for
the parameter value §Br = 5. The deviation from
isothermal condition is determined by the
deviation of the shear stress ratio from the
initial value ! (Fig. 9).

For large values of the parameter SBr the
iteration converges at small values of the
Fourier number only. By means of an under-
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relaxation procedure it was possible to extend
the range where the iteration converges up
to fBr = 9.

Range of validity

The solution described by equations (21)}-(28)
is valid for 0 < §. Br < n%.

At BBr = 0 the temperature remains at the
original level. The time at which the thermal
prceess starts decreases with increasing value
of fBr. The solution presented here is therefore
applicable for fluids with corresponding high
Prandtl numbers only. For BBr = n% the
temperature increases continuously with in-
creasing time to higher and higher values. The
heat generated by dissipation cannot be con-
ducted to the walls rapidly enough.

ACKNOWLEDGEMENT

The author wishes to thank Prof. Dr. G. Schenkel for
suggesting this topic and Prof. Dr. E. R. G. Eckert for
the time spent during many hetpful discussions.

10.

1211

REFERENCES

. G. M. BarTeNew und W. W. KUSNETSCHIKOWA,
Wirmeeffekte in kautschukartigen Polymeren bei
grossen Schubdeformationsgeschwindigkeiten, Plaste
u. Kautschuk 3, 187-89 (1970).

. R. L. PoweLL and 8. MIDDLEMAN, Transient thermal
response of plane Couette flow with viscous heat
generation—Effect of a solid boundary. /nt. J. Engng
Sei. 6, 49-57 (1968).

. H. 8. CarsLaw and J. C. JAEGER, Conduction of Heat
in Solids, p. 93. Oxford University Press, Oxford (1959).

. J. M. McKELVEY, Polymer Processing. Wiley, New
York (1962).

. H. ZemiG, Einfluss der Reibungswirme auf die Zahig-
keitsuntersuchung im Couette-Viskosimeter, Rheologica
Acta 1, 196-299 (1958).

. H. HausengsLas, Die nichtisotherme laminare Strémung
einer zihen Fliissigkeit, fng. Arch, 18, 151-66 (1950).

. H. ScHuicHTING, Einige exakte Ldsungen fur die
Temperaturverteilung in einer laminaren Strémung,
Z. Angew. Math. Mech. 31, 3, 78-82 (1961).

. J. Kreker, Herstellung wund Messung von
Scherstrémungen mit extrem grosser Schubspannung
und ihr Einfluss auf die Zerkleinerung von
Agglomeraten, Diss. TH Karlsruhe (1964).

. R. KuMaR, Heat transfer in steady rotatory flow of

Bingham material between two co-axial cylinders,

J. Franklin Inst. 281, 13642 (1966).

J. Gavis and R. I.. LAURENCE, Viscous heating in plane

and circular flow between moving surfaces, I/EC

Fundamentals 7, 232-239 (1968).

CHAMP INSTATIONNAIRE DE TEMPERATURE DANS L'ECOULEMENT PLAN DE COUETTE

Résumé —La viscosité d’un fluide dans un systéme découlement de Couette ne peut étre mesurée iso-
thermiquement parce que la dissipation crééc de la chaleur qui doit étre enlevée par conduction aux parois,
Cet article étudie le développement du champ de température a partir de Pétat initial jusqu'a 1’équilibre
final, Cette connaissance est nécessaire pour savoir si la viscosité peut &tre mesurée & un instant ol le
champ dynamique est pratiquement développé tandis que 1a chaleur créée par dissipation est pratiquement
négligeable. Les champs thermigues et dynamiques sont calculés pour un fluide newtonien dont la viscosité
dépend de la tempéerature en supposant une température pariétale constante dans le temps et sur la surface,
Un paramétre qui caractérise le développement du champ de temperature fixe la vitesse avec taquelle le
champ de température se développement et les conditions d’équilibre.

DAS INSTATIONARE TEMPERATURFELD IN EBENER SCHLEPPSTROMUNG
Zusammenfassung—Die Viskositit einer Fliissigkeit kann in einem Couettesystem nicht unter isothermen
Bedingungen gemessen werden, da durch Dissipation Warme entsteht, die zu den Wanden hin abgeleitet
werden muss. Diese Arbeit untersucht den Aufbau des Temperaturfeldes vom isothermen Ausgangs- zum
Gleichgewichtszustand. Dic Kenntnis dariiber ist zur Beurteilung notwendig. ob die Viskositit zu einem
Zeitpunkt gemessen werden kann. zu dem das Geschwindigkeitsfeld zwar ausgebildet, die Wirme-
entwicklung durch Dissipation jedoch noch vernachldssigbar ist. Die sich aufbauenden Temperatur-
und Geschwindigkeitsfelder wurden [iir eine Newtonsche Fiiissigkeit mit temperaturabhingiger Viskositat
fiir isotherme Wiénde berechnet. Ein Parameter (f Br), mit dem das sich entwickelnde Temperaturfeld
charakterisiert wird, bestimmt. wie schnell sich das Temperaturfeld aufbaut und ob iiberhaupt cine

Gleichgewichisbedingung existiert.
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HECTAHWOHAPHOE TEMITEPATY PHOE 1IOJIE B IKIOCKOM
TEYEHHU K¥3TTA

AHHOTAUHA—BASKOCTD WILIKOCTH MpH KYITTOBCKOM TEMENMM LEJNL3A HAMEPUTh M30TEPMH-
HECKM, T.K. BCAEICTBHE IHCCHIIALUNKM TeHepHDYeTCA Telde, KOTGpOe YIATAETCA 33 cuer
TEILIONPOBOIROCTH Yepes CTeHKN. B TanHol paliore uceIeIyKTCH DA3BHTHE TEMMEPATYPHOrO
10,18 0T HZOTEPMUYECKOTO HAYSIBHONO [I0 KUHEYHOTO PABHOBECHUTO COCTONNIA, OTH CBEleHHA
HeOOX0JUMBL LTA TOTO, YTOOL NOHATL, MOMHO JIH HIMEPATh BAZKOCTH TOLNA, KUFAL II0Je
BARKOCTH Y€ OPAKTHYECKN PasBHTO, A TEILT0, BRLIIEIAEMOE 34 CHeT IHCCHIIALN, elle
npeHedpernmo Maio, PasBHBAOIUHECA TOJIH TEMIIEPATYPH M CKOPOCTH PACCYHTHBAITCA
A8 HBIOTOHOBCKOM ILIKOCTH B NPEINOIOWeHHH JOKAJIBHOH 3aBUCHMOCTH BH3KOCTH OT
TeMIIEDATY Bl H MOCTOAHCTBA TeMNepaTypH creHkn. [Tapamerp (g Br), xapaxtepusyeummii
Pa3lBUTHE TEMIIEPATVPHOrO MO, OTNPEIEIACT CHROPOCT DASBHTHA TEMIEPATVPHOrO 1014 0
CV¥UICCTBYET /1M BoODUle YCJI0RHEe paBHOBECHH,
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