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A numerical method is described for calculating the
stress a viscoelastic melt exhibits in a flow, based on
approximate kinematics. The method assumes that the
kinematics are reasonably close to those of a shear-thin-
ning fluid such as the Carreau model. The strain history
of a given flow and the resulting stress are calculated via
a trackinz method from finite element kinematics. Full-
field flow birefringence experiments were done for low-
density polyethylene and polystyrene flowing past a thin
plate divider in a 1.254-mm planar slit die. By digitally
analyzing birefringence photographs of the flow field. the
birefringence was measured over two dimensions. These
birefringence results are in good agreement with birefrin-
gence fields calculated from the numerical simulations
and the stress-optical law. The flow fields were most highly
oriented in a region surrounding the weld interface just
downstream of the plate divider. This orientation relaxed
farther downstream. with polystyrene relaxing faster than
low-density polyethylene.

INTRODUCTION

Welding flows occur in polymer processing
when two streams of molten polvmer meet
to form a weld interface. The result is often
referred to as a “weld line” since the weld inter-
faces appear as lines on the surface of poly-
meric parts. The macromolecules near the
interface are highly oriented because of their
deformation history of large strains (1). This
orientation of macromolecules and the lack of
tie molecules across the interface reduce the
mechanical properties in the transverse direc-
tion; it is not yet known whether molecule ori-
entation enhances or reduces the diffusion
process across the weld interface. Enhance-
ment of the diffusion would be advantageous
for improving the mechanical properties after
solidification. In this study, we are interested in
determining the molecular orientation near the
weld interface without discussing its effect on
the diffusion or on mechanical properties.

The anisotropy of birefringence is a measure
of molecular orientation. Molecular orientation
therefore can be calculated indirectly with the
stress-optical law, which states that the (devia-
toric) refractive index and stress ellipsoids are
coaxial and similar: i.e., the principal values of

birefringence and stress are proportional (2).
Flow-induced molecular orientation in a mate-
rial therefore can be modeled by the stress ten-
sor components calculated as a function of its
strain history.

Calculated values of molecular orientation
can be compared with experimental values
measured by the rheo-optical method. This
method gives extensive information concerning
the stress in the flowing polvmer without dis-
torting the flow field (3~6). In this study, we use
the rheo-optical method for measuring the bi-
refringence of polymer melts in flow past an
obstacle. Molecular orientation was generated
by plane flows past a plate divider in a slit. The
main objective is to understand the effect of
viscoelasticity on the stress in flow past obsta-
cles.

STRESS
Memory Function

For polymer melts, many different constitu-
tive equations have been derived from contin-
uum mechanics or from molecular models (7,
8). For this study, we selected a memory integral
equation that is based on the rubberlike liquid
(9):
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7(t) =f m(t. t)CT(¢, t')dt’ (1)

where r is a stress tensor, m is a memory func-
tion, and C~! is the Finger strain tensor. The
memory function can be separated into time-
dependent part and strain-dependent part (10):

mit, t') = mi(t. t}h, I2) @
with
mit.t’) = é % exp<———-_(t>: t,)> (3)
AL, I2) = f exp(~n: V1) @
+ (1 = f) exp(—n2vI)
I=al, +{1 —a)l; (5)

where r is the memory function for linear vis-
coelastic data. h is a strain functional, g, are
nonnegative coefficients. A are relaxation
times, and f, n;, nz, « are chosen empirically to
fit nonlinear experiments (11). This equation
has been extensively tested in several rheologi-
cal experiments. It describes the rheological be-
havior of polymer melts in most transient shear
flows (12). However, it is only marginally ade-
quate for describing extensional flows (13).

Strain History

Stress and kinematics in a continuum are
coupled in a system of equations consisting of
constitutive equations, conservation of mass
and of linear momentum, and the boundary
conditions. A complete solution of the coupled
system of equations, including a realistic rheo-
logical constitutive equation {such as a memory
integral equation with a spectrum of relaxation
times), is not possible with the current state of
the art (14). However, it is important to deter-
mine the stress from the rheological behavior
as observed in the laboratory, and we will at-
tempt this by an approximate method (15). In
this approximate method. the calculated kine-
matics from inelastic models are used as ap-
proximate solutions for real flows and for deter-
mining strain histories. We are then able to
calculate the stress developed in a polymeric
material element as if it had been subjected to
this prescribed deformation (approximate Ki-
nematics). The calculated stress will resemble
the actual stress in the flowing polymer pro-
vided that both the approximate and the real
kinematics have common basic features (no ad-
ditional vortex, for example). The sensitivity of
the stress to small quantitative deviations in
the kinematics will be used as a criterion for
the range of applicability of the approximate
method.

PRESCRIBED KINEMATICS

In many flows, the kinematics of an inelastic
fluid are very close to those of polymer melts

(16). Therefore, as an approximation, the kine-
matics of inelastic liquids (Newtonian and Car-
reau) are used in this study. The kinematics of
ideal welding flows generated by a thin plate
divider in.a slit channel were obtained by using
a finite element analysis in the first part of this
study (17). The assumptions were that the flow
is steady, isothermal. and two-dimensional.
That work concluded that extensional flow
dominates the region downstream from the
stagnation point of the plate divider. and that
the fluid elements near the weld interface have
a strain history of both high stretching and
shearing. In the following, we will consider only
one case, a typical welding flow, with the divid-
ing and merging of a fluid stream. The flow, the
shape. and the location of the plate divider for
the case are assumed to be symmetric, as shown
in Fig. 1. For the above approximation. the next
step is to calculate the strain history of material
elements.

TRACKING

Many different techniques have been pro-
posed for calculating the strain history of a
material element in a given flow (tracking). Vi-
riyayuthakorn and Caswell (18) determined the
strain history from the displacement of the
nodes of a convected finite element. Their
scheme is limited to small strains. Bernstein, et
al. (19) used a quadrilateral element with a
uniform velocity gradient within triangles.
Their procedure is not immediately applicable
to arbitrary types of elements. Winter (15) de-

. rived the tracking equations for steady axisym-

metric flow and demonstrated their validity. He
showed that the tracking equations are in the
most simple form when written in terms of a
Lagrangian coordinate system that translates
and rotates with the flow (see Fig. 2). Dupont,
et al. (20) derived the same tracking equations
in different notation and applied them to a finite
element program for memory fluids. Adachi (21)
rederived the tracking equations via a third
method and found agreement with the earlier
results of Winter and Dupont, et al. In this
paper, we use Winter's scheme and Nordberg’s
program (22) to compute the strain history of
material elements along their path lines.
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Fig. 1. Schematic of the flow geometry showing the FEM
mesh used to obtain approxtmate kinematics and typlca‘l )
tnlet and outlet velocity profiles. Con e s
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The basic equations of the tracking procedure
are given in the following in terms of planar
coordinates. The more general axisymmetric
case is given by Winter (15). The starting point
of this tracking procedure is a given velocity
field, v(x. y). of a steady planar flow. The first
step in the calculation is the determination of
the streamline, y(x). of a material element of
given stream function value y:

yix)
f pLLAY
Mt

V= vo
f pLxAY
Yt

where y, and Yo are the inner and the outer
bounds of the flow and p is the density of the
polymer. The second step is the determination
of the elapsed time t — t’ thata material element
needs to travel from position x’ to x:

*dx
mre [ 22
x* Ux

The integration has to be taken along the
streamline ¢ = constant. This time difference
will be needed when combining strain and re-
laxation modulus in the constitutive equation.
The kinematic variables now can be expressed
in terms of time:

vix)=v(t’)=v', (8)
yx) =yt =y" 9
The third step is the calculation of the shear

angle for the deformation relative to the point
where the stress is desired as a function of time.

t . w
5
y' = =p'v f po il (10)

= constant (6)

(7)

=y

Whereglv is the magnitude of the velocity vector

Fig. 2. Deformation of a material element in a tangent-
normal [x, = Xn) coordinate system.

v. The shear rate 4., in a streamline coordinate
system (X,. X;) as shown in Fig. 2 is defined as

Yen = ¥ 1 XnXy. (11)
The detailed derivation of this equation is given
in the Appendix.

With this information, we can determine the
components of the Finger strain tensor, which
describes the strain of a material element that
travels along the streamline ¢ = constant from
the position x’ to the position x.

Cc-\(t. t')

! ’ 2
<£_B_) 0l-97 (12
LO 0] 1.

The reference state of the strain tensor is cho-
sen at time t or position x. The rotation matrix

—1’ 2:
p

=Q

cosa sina O

—sina cosa O
0 0 1

depends on the slope of the streamline (angie a)
at position x.

Inspecting the above series of equations, one
sees that all that is needed to calculate the
strain is the time-dependent position of a
streamline, and values of density. velocity,
shear rate. and flow direction along the stream-
line. The above equations form the basis for a
stress calculation method. Specifically. we ap-
ply them now to calculate the strain history and
stress for a material element traveling through
a finite element grid.

NUMERICAL PROCEDURE

The tracking procedure gives the positions of
the path lines and the velocity gradients of in-
dividual material elements. Analytical proce-
dures to construct path lines on a finite element
grid have been proposed (18. 20). A simple nu-
merical procedure to construct the streamlines
by converting kinematics calculated from the

g= (13)

finite element method (FEM) is presented here. -

The procedure can be described as follows:
The first step is to choose a set of grid lines
perpendicular to the main flow direction (i.e.,
lines of constant x, see Fig. 3). Next, Eq 1 is
integrated numerically for the stream function
in a stepwise fashion along each grid line to find
(with additional interpolation) the transverse
positions of a given set of streamlines, ¥ = ;.
The streamlines thus constructed are divided
into small intervals by the grid lines. For each
interval, the contribution to the deformation
is calculated from Egs 10 and 12. Each time
a velocity or velocity gradient component is
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Tracking in FEM grid

S

:\: _//T streamline ¥4
e 9 .
4/

s } o

/
N

-

:< i 4

] 3 ——

Y new grid lin

X

Fig. 3. New grid lines superimposed on the FEM mesh
for the location of a set of streamlines and later tracking
along these streamlines.

needed at a given point in both the integration
and the actual tracking, it is calculated by di-
rectly evaluating the FEM shape function for
the triangle where the point is located.

The total stress is then calculated by inte-
grating all intervals going backward toward the
inlet. The stress calculation is terminated when
the contribution from the last interval to the
total normal stress is substantially small. If the
inlet of the flow is reached. the caiculation is
continued by extending the inlet region ficti-
tiously, based on the assumption that the flow
is fully developed upstream of the inlet.

FLOW BIREFRINGENCE MEASUREMENTS
IN THE 1-2 PLANE

An experiment was set up to measure the
birefringence in welding flows of polymer melts.
This setup includes a Gottfert rheometer, a slit
die, and optical components. The Géttfert rhe-
ometer consists of a polymer reservoir and a
hydraulic piston that forces the polymer from
the reservoir into the die. The slit die was con-
structed specifically for carrying out flow bire-
fringence measurements. It consists of a rec-
tangular slit with two glass windows, one on
each smaller side of the slit. The flow is split at
the entrance to the die by a plate divider, and
then the two streams recombine at about the
center of the die. The dimensions of the slit die
are shown in Fig. 4. The aspect ratio of the slit
is 10:1, resulting in an approximately two-di-
mensional flow geometry.

The optical system consists of a light source,
a green filter, a condenser, a polarizer, and two
quarter-wave plates. The schematics of this
setup are shown in Fig. 5.

The flow birefringence measurements are
briefly described here. A polarized monochro-
matic green light passes a quarter-wave plate
then travels along the 3-direction through the
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Fig. 4. Dimensions of the slit die used in the flow bire-
fringence experiments.
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Fig. 5. Schematic diagram of the optical equipment used
for flow birefringence measurements.

die. (The 1-direction is the natural flow direc-
tion, the 2-direction is the perpendicular in the
plane of flow, and the 3-direction is normal to
this plane.) The light emerging from the slit die
passes through the second quarter-wave plate
and an analyzer, finally reaching a camera. The
volume flow rate of the tested polymer melt was
precisely controlled by a microprocessor in the
Gottfert rheometer. A pressure transducer
flush-mounted near the entrance of the slit
measures the total pressure drop through the
die. There are five independent temperature
controllers along the barrel and the slit die
(three surrounding the slit die). There are also
three temperature indicators along the slit die.
By adjusting these devices, the temperature at
different positions could be controlled to iso-
thermal conditions within 1 K.

Values of the stress-optical coefficient for
polystyrene and low-density polyethylene (Ta-
ble 1) were taken from Wales’s work (23). The
birefringence in the 1-2 plane of a steady, iso-
thermal flow in a slit is measured by using a
circular polariscope. The equations for the cir-
cular polariscope and for the birefringence in
terms of phase angle are given by

I = Iosin?® <§> (14)
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Tabie 1A. The Material Data of the Polymers Studied.

Discrete Reilaxation
Polymer As) Spectrum g, (Ps)
LDPE 5913 x 10° 3.776 x 10
T = 150°C 1.817 x 10" 3.710 x 10?
3.680 x 10° 1.952 x 10°
6.606 x 10" 1.085 x 10*
1.073 x 10! 2.806 x 10*
2.060 x 1072 6.040 x 10*
3.026 x 10°° 1.371 x 10°
3.381 x 10~ 3.027 x 10°
PS 5.152 x 10" 7.763 x 10'
T = 180°C 8.669 x 10° 1.338 x 10°
5.135 x 10° 9.275 x 107
1.018 x 10° 1.762 x 10*
1.107 x 10™° 5.004 x 10*
1.065 x 102 6.978 x 10*
9.927 x 10~ 1.009 x 10°
5.821 x 10°° 5.558 x 10°

The Parameters for Temperature-dependent Shift Factors

Activation Temperature c, C. (K) (kEnergy

Polymer (°C) cal/mole)
LDPE 150 12,600
PS 180 5.61 143.2 —

Table 1B. Parameters for the Approximation of Measured
Shear Strain Function.
Approximation Parameters LDPE PS
Function - (150°C) (180°C)
hiy) =t exp{=nsv) f 0.67 0.88
+ (/| = flexp{=nzy) m 0.304 0.377
n, 0.070 0.073
Tabie 1C. Rheological Parameters of Polymers Used in the
Simulations.
Polymers
LDPE PS
Reference temperature, To (°C) 150 180

Carreau mooel parameters
infinite-shear-rate viscosity, 7«

(Pa.s) 0 0
Zero-shear-rate viscosity, no

(Pa.s) 2.81 x 10* 447 x10*
Time constant, A () 2.08 2.06
Stress-optical coefficient,” C

Pe™) 21x 107 -4.1x10"*

*Vaiues obiatned trom Waies (23).

An = A8 15
n= o (13)
In the above equations ¢ is the phase angle of
the polarized light, I is the intensity of the
emerging light, I, is the intensity of the incident
light, An is the birefringence, X is the wave-
length of the monochromatic light, and d is the
thickness of the slit. Equation 14 relates the
intensity of the incident beam to that of the
emerging beam of circularly polarized light.
Equation 15 defines the relation between phase
angle and birefringence. If a monochromatic
light source is used, the birefringence value
where dark bands appear is described by Eq 16.
23

An = ri (16)

where k is an integer number and is calied the
order of the dark bands.

At the start of an experiment, the flow device
was heated to the desired temperature, and the
polymer was put into the barrel. The extrusion
started at a very low speed (0.01 mm/s) after
the polymer was completely melted and equili-
brated for 20 min. The polymer was then ex-
truded at the desired speed. Pictures were taken
only after the birefringence was fully developed
and the pressure reading became stable. First,
white light was used to get a whole-field bire-
fringence picture. From the color bands of the
picture, isotropic lines or points (no molecular
orientation difference, An = 0) were identified
and located. The isotropic regions appeared as
dark bands (or points) since the background of
the light measurement was set to be dark. A
second picture was taken with a monochro-
matic light source (green light) to get green and
dark bands. By comparing the two pictures, the
order of dark bands could be determined. From
the order of the dark band and by using Eq 16,
the birefringence value at each dark band could
be calculated. In most cases, the dark bands
alone provided enough data points.

To obtain light intensity values at different
positions, the intensity of the emerging beam
recorded on film was evaluated through a digital
image analysis technique (University of Mas-
sachusetts Computing Center, Digital Image
Analysis Laboratory). Different cross sections
of the slit were chosen for analysis. Lines along
different cross sections were drawn and light
intensity values along these lines were plotted
(see Fig. 6). For comparison, the birefringence
was also calculated from stress model:

An = C((r11 — 722 + 4735)'"? (17)

where An is the difference in refractive indices,
711 — 722 is the first normal stress difference, 712
is the shear stress, and C is a stress-optical
coefficient.

The linearity of the stress-optical law has
been discussed in detail by Janeschitz-Kriegl
(2): In shear flows the stress-optical law holds
up to shear rates of about 10 s~} and in exten-
sional flow up to extension rates of 0.065 s™
for a variety of polymer melts.

MEASURED BIREFRINGENCE AND
COMPARISON WITH SIMULATION

Birefringence Distribution for LDPE in the
Slit

For low-density polvethviene (LDPE) pro-
cessed at 160°C with an average outlet velocity
of 0.8 mm/s. the birefringence pattern observed
with monochromatic light is presented in Fig.
7. This photograph was analyzed as described
above to obtain birefringence values at different
cross sections (different x values) of the slit.
The resulting profiles are shown in Fig. 8, suc-
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Fig. 6. Typical digital image analysis output. The raw
birefringence photograph is crossed by several lines.
Light intensity vs. transverse position is plotted for each
of these lines.

—_____/_/-_______-
P
Fig. 7. Birefringence pattern for LDPE at 160°C with an
average outlet velocity of 0.8 mm/s.

cessively shifted by 107 for clarity. Near the
stagnation point, x = 0 and y = 0, the birefrin-
gence reaches a maximum, which is due to the
intense elongational flow behavior (stretching).
Away from the weld interface. toward the wall,
the birefringence value starts decreasing,
which is caused by reduced elongational flow.
Further toward the wall, a minimum occurs
because material elements along path lines at
this point have experienced either little stretch-
ing or little shearing along their path lines. Near
the wall, the birefringence value increases very
quickly. which results from the intense shear
flow close to the wall. The order of magnitude
of the birefringence near the wall and near the
stagnation point is about the same at a cross
section near the stagnation point. At a cross
section just downstream of the stagnation
point, molecules are highly oriented in the flow
direction. Farther downstream of the plate di-
vider, the birefringence peak near the weld in-
terface starts decreasing gradually. However,

8

]
(SnrrveED)

An x 10

-0.627 0 0.627

POSITION ACROSS SLIT (MM}
Fig. 8. Comparison of experimental results (points) and
simulation results (lines) for LDPE at 160°C and 0.8 mm/s
average velocity. In this figure and in subsequent ones

the birefringence values are successively shifted up by
1 X 107 for clarity. .

the molecular orientation difference near the
weld interface is still retained to some extent.
In fact, LDPE does not relax to an isotropic state
as it would in a shear flow on the centerline
even two flow channel widths downstream of
the stagnation point.

The calculated birefringence is also plotted in
Fig. 8. The calculated birefringence is based on
kinematics from the Carreau model with rheo-
logical parameters of the polymer taken from
the literature (24). They agree with each other
fairly well in the region near the two minimums.
However, disagreement happens near the cen-
terline and near the walls. This can be caused
by several factors. In the region close to walls
and near the stagnation point, measurements
became difficult since the resolution of the pic-
ture is limited by the resolution of optical equip-
ment and alignment of devices. The finer the
fringes are, the shorter are the distances be-
tween maximum intensities and minimum in-
tensities. If the distances between the maxi-
mum and the minimum intensities are shorter
than the inverse of the resolution of the optical
equipment such as lenses of the camera, these
intensities can not be registered distinctly.
Rather, averaged intensities were registered.
Additionally. the fact that optical devices are
slightly out of alignment can make fringes less
discernible.

Figures 9 and 10 show, in like manner, the
raw birefringence pattern and digital image
analysis results for LPDE with the volume flow
rate doubled with respect to Figs. 7 and 8. The
molecular orientation difference increases
mildly with respect to the first case and the
region that has orientation differences broad-
ens. In a distance of two flow channel widths
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Fig. 9. Birefringence pattern for LDPE at 160°C with an
average outlet velocity of 1.6 mm/s.
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Fig. 10. Comparison of experimental results (points) and
simulation results (lines) for LDPE at 160°C and 1.6 mm/s

average velocity.
.

downstream of the stagnation point, the bire-
fringence peak still exists.

Birefringence Distribution for PS in the Slit

In Fig. 12, the birefringence for polystyrene
(PS) processed at 180°C with an average exit
velocity of 0.1 mm/s is plotted at different cross
sections along the slit. The corresponding pho-
tograph is Fig. 11. The birefringence pattern
across the slit displays two minimums and one
maximum that are similar to those of LDPE but
with several subtle differences. First, the ori-
ented region near the centerline is narrower and
the orientation difference near the weld inter-
face is smaller than they were for LDPE. This
is basically due to different processing condi-
tions and different molecular parameters (po-
larizability, refractive index). A second differ-
ence is that the relaxation of the oriented laver
depends strongly on the molecular structure.
The linear PS relaxes very quickly. Within a
distance of one-and-a-half flow channel widths
away from the stagnation point. the birefrin-
gence reduces approximately to that exhibited
in a simple shear flow. The long-chain-branch-
ing LDPE requires a long distance to “forget” the
influence of prehistory and to develop the stress
fully. This is consistent wich the study of bire-
fringence in the 1-3 plane in slits done by Wales
(23).

Fig. 11. Birefringence pattern for PS at 180°C with an
average outlet velocity of 0.1 mm/s.
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Fig. 12. Compartson of experimental results (points) and
simulation results (lines) for PS at 180°C and 0.1 mm/s.

CONCLUSION
Model

The model, which is based on approximate
kinematics and continuum mechanics, gives
good predictions of molecular orientation differ-
ences in a two-dimensional welding flow despite
the fact that the rheological characterization
was performed in very ideal experiments (step
shear). The agreement between simulations and
experiments is excellent in cases of low polymer
flow rates. The model is insensitive to small
deviations in kinematics such as those resulting
from a change of power-law index.

Experiments

The combination of the flow birefringence
technique and the digital image analysis can
provide a measurement of molecular orienta-
tion at any point of a two-dimensional flow
field. The macromolecules near the starting
point of the weld interface are highly oriented
in the main flow direction. When the flow rate
of polymers increases, the size of the oriented
region and its orientation difference increases.
The macromolecular orientation relaxes slowly
in the long-chain-branching LDPE and relaxes
quickly in the linear PS.
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APPENDIX

The objective of the derivation is to find the
strain of a material element in a continuum
which moves with known velocity.v(x, y). This
method is briefly described here. First, we con-
sider the steady motion of a fluid. The Finger
strain tensor, C~!(t. t'), is a measure of the large
deformation of a material element from a time
¢’ to a later time t. It is the inverse of the
Cauchy-Green strain tensor, which is defined
in terms of the deformation gradient:

C(t. t') = F(t. t')T-F(t, t’) (A1)

The deformation gradient tensor, F(t, t’), in
turn, relates the state of a given infinitesimal
vector (dx) to its state at some previous time
(dx’) along the path line traced by the material
point.

dx’ = F-dx (A2)

If relations between corresponding three
pairs of vectors (dx,, dxa. dxs) and (dxy, dx3,
dx3) are known, F can be determined readily.
Following the notation of Winter (15), we con-
sider the past vector dx’ as it travels the path
line. The scalar components of dx’ in a local
tangent-normal (t — n) coordinate system can
be defined as follows (Fig. 2):

dx; = (u’, 0, O) dx; = (u, 0, 0)
d#j =(a’.b’.0); dx:=(a.b, 0) (A3)
dxj = (0. 0, 1); dx; = (0,0, 1)
, a’ a
Y =5 TSR (A4)

1 :
where b = Py and v’ is the tangent of the shear

angle for the material vector.

To compare results with experiments, these
vectors need to be rotated by angles between
local coordinate systems and global coordinate
system. From Eq A3, three independent mate-
rial vectors at both times uniquely determine all
nine components of F in the global coordinate
system:

Q’djl' = F(del)
9'-dxj = F-(@-d2) (A5)
Q' dxj = F-(9-d¥a)

In more concise notation:
9'- X' =F.(9-X) (A6)

where X’ = (dx%{., d®}, d%3), X = (dX,, dX2, dX3),
and @ and @’ are rotation matrices.

fcosa’ sina’ O

@’ = | —sina’ cosa’ O
0o 0 1
E (A7)
cosa sina O
@ = | -sina cosa O
0 0 1

-

By putting Eqs A3, A4, and A6 into Eq Al, one
gets Eq 8:

C=Q XYW .XT.X X097 (A8

The velocity gradient tensor, Vy, is given by

-

v e

vy=| ¥ R (A9)
Ov  un
axn an

where R is the radius of the curvature of the
local coordinate system. The rate of change of
a given material vector along a path line is
related to the velocity gradient at the current
point in the flow (25):

D
= =dx-V
Dt dx = dx-Vvu (A10)

D
where Vv is the velocity gradient at t and Dt is

a material derivative. This ordinary differential
equation is used for the purpose of tracking.
Equation Al0 is general, but for steady incom-
pressible planar flow, two pairs of vectors are
calculated easily. The third pair needs only sca-
lar integration. We assume the flow is steady

i == _— and two-dimensional. By expanding

'Eq'AI 0, applying the chain rule on Eq A4, and
then setting the components of the resulting
equations equal, one gets a pair of scalar equa-
tions:

da’ dv! vl ov{

a _ oL p X rp—  (All

=%V PR Y e ! )
db’ _ ., dun (A12)
dt’ ax!

These two equations may be combined. using
the definition of v in Eq A4 to yield

dy ov{
L =N+ —_— Al3
dt, Ytn 2 Y ax:’ ( )
with
. vl v
Ya=7iXeme= 5~ (ALY

Equation Al3 can be written in integral form
(Eq A15):

t t .
=f i gee, (A15)
¢ ' pU
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When the term v in Eq A15 is chosen to be zero,
it turns out to be identical with Eq 19 by Winter

(15).
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NOMENCLATURE

tangent and normal components of
material vector at time t.

tangent and normal components of
material vector at time t’.
stress-optical coefficient.

material constants in WLF equation.
Cauchy-Green tensor.

Finger strain tensor.

light path length.

activation energy.

deformation gradient tensor.
material parameter in shear strain
function.

discrete relaxation time coefficients.
strain functional.

generalized strain invariant, light in-
tensity of emerging beam.

= first and second invariants of strain

tensor respectively.

light intensity of incident beam.
linear viscoelastic memory function.
memory function.

power-law exponent: refractive index.
unit normal vector on the stream sur-
face.

= material parameters in shear strain

function.

rotation matrix.

radius of curvature of the streamline.
inner bound of the flow.

outer bund of the flow.

unit tangent vector on the stream sur-
face.

reference temperature.

magnitude of velocity vector.

velocity component along x,-axis.
velocity component along xn-axis.
coordinates of initial position of ma-
terial particle.

distance from stagnation point along
main flow direction.

distance normal to x;-axis coordi-
nates.

Greek

a = material parameter in generalized
strain invariant.

¥ = shear strain.

¥’ = tangent of shear angle.

¥ = shear rate.

¥ = rate of deformation tensor.

) = phase angle.

no = zero shear rate viscosity.

e = infinite shear rate viscosity.

A = time constant in Carreau model.

g = discrete relaxation times.

P = density.

T = extra stress tensor.

¥ = streamlines of planar flow.

—
—

—
wN

14,

15.

16.

18.
18.
20.

21.
22.

23.
24.

25.
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