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A numerical method has been developed that takes the streamline finite differ-
ence method for modeling fully developed multilayer polymer flows and adds to it
a simple means of accounting for nonisothermal conditions. In industrial practice,
temperature control is often used to match material viscosities and, thereby, to
avoid flow instabilities. By numerically calculating both viscosity ratios and
normal stress difference ratios, the numerical method allows one to judge the
relative stability of different flows and to choose an intelligent set of experiments
when designing a coextrusion process. The algorithm has been successfully tested
for a number of polymer melt constitutive equations in flows where the viscosity
jumps no more than two orders of magnitude between fluids. Results for a
rheologically well characterized polystyrene low-density polyethylene system and
for an industrially interesting high-density polyethylene/Ultem system show that
the common practice of matching zero-shear viscosities is overly simplistic when
interface shear rate, conduction, normal stress, and flow rate effects are taken

into account.

INTRODUCTION

iven the importance of coextrusion in industrial

practice and the use of nonisothermal conditions
in coextrusion, one can identify the need for a simple
procedure for modeling nonisothermal flows of poly-
mer melts. This problem's difficulty lies in the cou-
pling of velocity, stress, and temperature fields in a
flow channel. Solutions of the problem would find
application in die design (pressure drops, flow rates,
etc.), in analyzing multilayer flow experiments, and
in process design (particularly for temperature con-
trol of viscosity).

A number of researchers have modeled the noni-
sothermal flow of single polymer melts (1-7). Fewer
have considered multilayer nonisothermal flows (8-
10). The purpose of this work is to model nonisoth-
ermal die flows in approximately fully developed geo-
metries.

In industrial practice, the reason for adjusting tem-
peratures of different layers in a coextrusion process
is to try to avoid instabilities in the flow by matching
the viscosities of different materials. These instabil-
ities take three forms, as illustrated in Fig. 1: wavi-
ness in the interface similar to melt fracture except
that it occurs inside the material (11); nonuniform
cross sections in, for example, a sheet coextrusion;
and complete rearrangement of the two materials in
a more complex extrusion (12-14). The re-
arrangement of the materials is driven by a mismatch
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in viscosities: if a surrounding material is thicker (in
the sense of viscosity) than the material it surrounds,
the flow could achieve a lower pressure gradient by
rearranging. Another factor now being considered by
researchers (15-17) is the effect of normal stress
difference jumps at the interface. In this work, we
make no direct predictions about stability, but by
using the results of the numerical procedure illus-
trated here, one can say something about the relative
stability of two comparable flows or one could employ
empirical rules that predict when instabilities will
occur in a given flow (18, 19). Numerical calculations
for a desired coextrusion could suggest a set of ex-
periments to run looking for appropriate processing
conditions for the flow.

GOVERNING EQUATIONS

Four equations govern the (approximately) unidi-
rectional nonisothermal flow of polymeric materials.
These are the continuity equation, written in integral
form,

v
V() =J; v dy; (1)

the Cauchy equation of motion,

dre, _dp
= -
dy dx' 2)

the energy equation (here written in two-dimensional
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Fig. 1. Schematic of different types of instabllity in coex-
trusion.

form, later approximated in one-dimensional form),
dT
— = V2 : .
Gz v T+ Nagz: Yy (3)

and a constitutive equation for stress from kinemat-
ics and temperature,

: . .. dv
Ty =0y, Ty ¥ = dy 4)

All of the variables shown above are dimensionless,
normalized by the average velocity, 0, the channel
width, g, and the viscosity at the characteristic shear
rate and reference temperature, 7(5/%, T°). The tem-
" perature is normalized by difference:
A

=" )
where the reference temperature difference comes
from the temperature dependence of viscosity

through the shift factor, ar:
= éar
-1 = - .
[aT?) aT 7
The shift factor may be calculated by either of two

equations. The first is an Arrhenius type relation
(20):

(6

. Ef1 1
In a{T) = R [7, - %] (7
The second is the WLF equation (21),
- CT-T9

log anT) = m (8)

Temperature coefficients of viscosity may be calcu-
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lated from either of these two equations. For the
Arrhenius and WLF equations, respectively, they are
\

= E
(AT = R (9)
and
Foy-1 él
(AT = 2.303 —é-; (10)

Note that for both the Arrhenius and WLF equations,
AT® is a function of the reference temperature. The
Arrhenius AT® depends explicitly on T° and the WLF
coefficients C, and C; are implicitly functions of T°.

The Graetz number, which appeared in the energy
equation, relates the relative magnitude of convec-
tion and conduction:

-0 =
Gz=e__éL0£_ {11)

The Nahme number compares viscous dissipation
with conduction:
5°
Na = == (12)
The temperature and viscosity have different scal-
ings for different materials, so fluid-fluid interface
boundary conditions must account for the change in
scaling. Following are the interface boundary condi-
tions for the three conservation equations. Wall
boundary conditions are traditional isothermal, non-
slip conditions.

Ua = Us (13)
(Pa/1B)Txy. A = Toy. 8 (14)
Va=ys=y* (15)
(I.e. the flow rate of each layer is specified.)
Ta=Ts (16)
s =4s (17)

We have not specified a constitutive equation yet; for
the numerical method that follows a particular equa-
tion is not required. However, we have made use of
the Wagner model (22) with Osaki strain functional
(23} for this work: ’

m 2
=3 3 — L

3 18
AAE T+ N7 (18

All material parameters In the above gquations are
determined by fitting experimental data. The normal
stress does not enter into the solution of the govern-
ing equations. We therefore solve for the velocity first
and then determine the first normal stress coeffi-
cient:

m 2 2
VW)= 8§ ol g (19)

=1y (1 + oy Ay DY
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ADIABATIC MULTILAYER FLOWS

Nordberg and Winter (24) developed a methodology
for modeling fully developed slit or annulus flows
using a streamline finite difference method. All of
the examples that they considered were isothermal.
However, the method can be applied without major
modifications for nonisothermal flows by allowing
the viscosity to be a function of temperature as well
as of shear rate, n = (T, 4). The simplest approach
to account for nonisothermal conditions is to make
each layer isothermal within itself without requiring
a continuity of temperature at the interface, i.e., to
make the layers adiabatic. Clearly this is a gross
simplification, but it gives usable rough-cut resuits.
Later in this work we develop an approximate but
surprisingly useful method for modeling the conduc-
tive temperature equilibration that would take place
between unequal layers. Adiabatic calculations may
be sufficient for high flow rates with little time for
conduction. They also serve as the first cut for later
calculations.

Figure 2 shows a very simple example for a two-
layer slit flow. The two layers are polystyrene (PS)
and low-density polyethylene (LDPE) at 195°C and
180°C, respectively. Throughout this section, we are
concerned with reducing the viscosity step at the
interface. In practice, this is the purpose of temper-
ature adjustment: to match viscosities of adjacent
materials. We define the ratio to be greater than one
for unfavorable configurations. The objective is to
bring the viscosity ratio as close to one as possible
since this is believed to avoid flow instabilities. The
inset of Fig. 2 shows that this can be done for this
example. Having fixed the LDPE temperature at
180°C, 195°C is the PS temperature giving the best
viscosity ratio. In this simple example, the interface
is in a region of nearly zero shear rate and the two
materials are quite similar, so stability is not really a
question. Nonetheless, the approach is demon-
strated.

Figure 3 illustrates a situation where a lower vis-
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Flg. 2. Adlabatic nonisothermal sheet coextrusion of PS
and LDPE. Effect of PS temperature on viscosity ratio is
shown in inset.
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Fig. 3. Adtabatic nonisothermal sheet coextrusion of PS/

LDPE/PS. Effect of LDPE temperature on viscoslty ratio
ts shown in inset.
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cosity material (LDPE) is sandwiched (again in a slit)
by the higher viscosity PS. In this case, the polysty-
rene temperature has been fixed at 195°C with the
polyethylene temperature varied as shown. Because
the LDPE viscosity is less temperature-sensitive, the
viscosity ratio varies less, but again one can choose
the “best” temperature for LDPE (185°C), which is
the case actually plotted. Note that the result is a
different pair of temperatures from the previous
case; the viscosity ratio depends not simply on tem-
perature but also on shear rate. The shear rate at the
actual interface can be found only by solving the flow
problem.

Even if by adjusting temperatures one succeeds in
matching the viscosity at the interface, as in the
example of Fig. 3, the corresponding normal stress
difference profile (Fig. 4) may still have a sizable
jump. A viscosity jump can be considered the driving
force for instability through material rearrangement,
but a normal stress difference jump can also cause
instabilities. The jump is equivalent to a net tension
on the interface and can (with any curvature) cause
waviness in the interface in a way analogous to sur-
face tension.
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Fig. 4. Shear and normal stress difference profiles for
adiabatic nonisothermal sheet coextrusion of PS/LDPE/
PS.
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CONDUCTIVE MULTILAYER FLOWS

Although the method of the previous paragraphs
takes into account different temperatures of differ-
ent materials, it makes no effort to consider the
conduction between layers. The full energy equation
accounts for both conduction and convection and is
coupled to the equation of motion. Here, we avoid
this two-dimensional problem with a method for very
easily calculating an approximate temperature pro-
file accounting for the temperature gradient between
layers and a residence time t.

A simple mode! for the conduction between adja-
cent layers requires solving the following parabolic
equation from the isothermal-within-layers initial
conditionatt=0Quptot=t:

Gz — = —. (20}

This equation comes from the full energy equation
when one assumes plug flow for purposes of solving
the energy equation. This means ignoring the viscous
dissipation term of the energy equation and the cross-
channel variation of the convection term. The time t
is now just an overall residence or flow time. The
value ¢ is a “contact time,” some time representative
of how long the materials are allowed to contact. The
solution is the same as if the layers were solid slabs
initially isolated and then brought into contact for
time ¢, a traditional heat transfer problem.

In this work we will assume isothermal walls, T =
T.. and the following equation equates conduction
between layers to serve as the interface boundary
condition:

ka ATA° dT. dTs

ks AT® dy dy 0. 21)
The energy equation, Eq 20, with boundary condi-
tions expressed by Eq 21 may be solved by a standard
Crank-Nicolson method (25). The only detail different
from the standard approach Is that one must use
streamline finite differences for temperature similar
to those developed for velocity and viscosity in Nord-
berg and Winter (24). Another implementation detail
is that the temperature is normalized differently in
€ach layer, so careful bookkeeping is necessary for
grid points neighboring an interface. This is done in
a way similar to the appearance of ATA°/AT;° in Eq
21, which comes from the different scalings of tem-
perature in the different fluids.

The numerical method defined by this approxima-
tion is as follows:

—Using isothermal conditions within each layer,

solve for the kinematics.

—Fixing the layer geometry at the values just
calculated, allow conduction between layers for
a period t..

——Recalculate the kinematics using this new tem-
perature profile and accounting for the temper-
ature dependence of viscosity.

One could go further, and make this an iterative
procedure, but it can be observed in practice that
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interface positions do not change much from the first
step to the third, so iteratlon is unnecessary.

Figure 5 uses the method just outlined to continue
the example of Fig. 3. In this case 185°C and 195°C
are the inlet or original bulk temperatures of the
LDPE and PS, but now conduction is allowed between
layers for the period t.. The effect on the viscosity
ratio is shown in the inset. The profile plotted is for
areasonable value of t. = 0.1 s. The effect on viscosity
ratio is significant: The conduction between the lay-
ers reintroduces the original viscosity jump, making
it even worse than under isothermal conditions. One
can immediately conclude from this that a more ac-
curate measure of stability in nonisothermal cases
will have to account for the viscosity field, not simply
the interface ratio. Figure 6 compares the viscosity
and temperature profiles for the cases of Figs. 3 and
5. Away from the interface, the effect of conduction
is small, but at and near the interface it is noticeable
even for very small t.. The region affected expands
with t.. The figure explains why the viscosity ratio is
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worse than in the isothermal base case: the viscosi-
ties of the two materials change in opposite directions
from the layer-by-layer isothermal values. Figure 6
also confirms the claim made earlier that the inter-
face position does not change much despite the
changed temperature profile.

Note that t. may be close to the actual contact time
(however that is measured), but is better thought of
as a simple modeling constant that may be chosen
by the user of the method. Its use should probably be
in the context of a parameter sweep as done in Fig.
5 to see not what the “actual” viscosity ratio will be
but how sensitive the flow will be to conduction
between layers downstream from where they com-
bine.

Figure 7 summarizes the results for the PS/LDPE/
PS example by examining both viscosity ratios and
normal stress difference ratios at the interface of this
flow. Ideally one would like both ratios close to one.
The base case of 195°C isothermal flow is somewhat
away from this ideal, so it is instructive to consider
the effects of various variables on the two ratios.
Dropping the LDPE temperature drops the viscosity
ratio moderately. Increasing the PS temperature has
a larger effect (per °C of change) because, as shown
in Fig. 8, PS is more temperature-sensitive than
LDPE. Increasing the flow rate (i.e., D) has the desir-
-able and somewhat surprising effect of improving
both the viscosity ratio and normal stress difference
ratio. This is because (as again shown by Fig. 8) PS
is more shear-thinning than LDPE: increasing the
flow rate {and, therefore, the interface shear rate)
drops the PS viscosity faster than the LDPE viscosity.
Finally, Fig. 7 demonstrates that the effect of con-
ductfon is to make thing worse initially, though they
then slowly improve with time. Although the behav-
for of the PS/LDPE/PS system is rather tame, one
could imagine for a more practical example expand-
ing upon the diagram of Fig. 7 to propose a design
for a coextrusion system, or at least an intelligent set
of processing experiments to run.

This type of parameter sweep we now do in detail
for a more practical case. Figure 9 illustrates the
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Fig. 7. Normal stress ratio vs. viscosity ratio for PS/
LDPE/PS sheet coextrusion under various conditions. By
the adjustment d{fferent parameters of the flow, stability
ts affected in different ways.

412

105 Viscosity vs Shear Rate
o
PR ittt LDPE 195°C , 185°C
5]
'§ o
3
& 10
>3
2
10 T Ty

100 107 10t 10° 10t 10 10
Shear Rate (1/s)
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1 3

Viscosity (Pa s)

0 4,000 6,000 12,000 18.000
\\
0 Ultem(R) (2%) N
....................... >
1\ T=290°C
0.7 N
‘\
i 0.8 A e e
g e HDPE (96%) -1 iizizzzrnamseca—
8 esq  HDPE(3PX)
0 g
-
.3 4 Pt
1
’
0 T T T eiem—————
v
p
o1 Ultem(R) (2%) ’/~
. —r—r—T— T

(X ] [ 2] 0.4 (X ] ' .:l ) l:. ’ 1.2 1.4 18 1.9 28
Velocity (cm/s)
Fig. 9. Sheet coextrusion of Ultem/HDPE/Ultem. Flow ls

clearly unstable since the interface viscostty ratlo is close
to 15.

flow desired. A sheet of high-density polyethylene
(HDPE) is to be extruded with a thin skin of GE's
Ultem®. The extruded sheet may then be thermo-
formed, for example, to make microwave safe trays
for food. Ultem is very heat resistant, but is also
expensive. A 100% Ultem tray would be uneconomi-
cal, but a thin skin can protect the commodity HDPE
without making the cost prohibitive. The difficulty
illustrated in Fig. 9 is that Ultem has a much higher
viscosity than HDPE and, therefore, the desired flow
configuration is unstable. In this case, the sheet typ-
ically becomes nonuniform across its width (26). An
approach taken at GE Plastics was to add additional
layers of HDPE to act as lubricant at the walls, as
illustrated in Fig. 10. HDPE is incompatible with
Ultem (the analysis has neglected the tie layers that
must appear between the inner HDPE and the desired
Ultem skin), so the extra layer may be peeled off the
final product and discarded or recycled (inset of Fig.
10).

Table 1 begins with the base case of Fig. 10 and
varies several parameters to get an idea of the sen-
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Viscosity (Pa s)
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Fig. 10. Sheet coextrusion of Ultem/HDPE/Ultem with

HDPE lubrtcant. The outer HDPE layer ts peeled off out-

side thedle. A tie layer between the core HDPE and Ultem
has been neglected (also in Fig. 9).

Table 1. Parameter Sweep for HDPE/Unom/HDPE/UItem/
mple.

HDPE Sheet Coextrusion Exa
Vary Flow Rate
Base Conditions v

4 Ratio
HDPE 2% 290°C 1 cm/s 10.9
Uttem 2% 290°C Scm/s 227
HOPE 92% 290°C 10cm/s 294
Ultem 2% 290°C
HDPE 2% 290°C

Vary Core Temp, Vary Skin %

T Ratio % Ratio
290°C 10.9 2% 10.9
250°C 10.0 6% 9.2
200°C 8.7 10% 8.0

Vary Uitem Temp Vary Merge Time

T Ratio t Ratio

290°C 10.9 P 00s 1.7
IR 1A o7
05s 10.7

sitivity of the flow to each. Our measure of stability
is simply the viscosity ratio at the interface between
the core HDPE and Ultem layers. First one can vary
the overall flow rate to learn that the flow will become
noticeably less stable at higher flow rates. (This ef-
fect 1s more pronounced when the interface is in a
high shear rate region as it is here.) Another param-
eter that could be adjusted is the temperature of the
core HDPE. However, changing this temperature has
little effect on the viscosity ratio (Table 1) because
HDPE is not highly temperature sensitive, as may be
seen in Fig. 11. A third parameter one can consider
Is the relative thickness of the outer HDPE skin.
Increasing the thickness of the lubricant decreases
the instability of the flow slightly. The most effective
way (apparently) to increase stability in this flow is
to increase the temperature of the Ultem. Table 1
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Fig. 11. Viscosity vs. shear rate and temperature for
HDPE and Ultem. Ultem is ' much more temperature-sen-
sitive than HDPE.

shows the viscosity ratio dropping an order of mag-
nitude for a slight increase in Ultem temperature.
This is because the Ultem is highly temperature sen-
sitive (Fig. 11). The final check of Table 1, however,
suggests that conduction from the Ultem into the
HDPE would increase the ratio rapidly (because the
Ultem layer is so thin). This might suggest the desir-
ability of heating the walls to keep the outer two
layers hotter than the inner core. One could also go
on to consider combinations of the options studied in
Table 1. This example illustrates how the numerical
method of this section could be used as a simple
design tool (or perhaps as a process “prescreening”
tool) for actual coextrusion problems.

CONCLUSIONS

Nonisothermal coextrusion flows can be modeled
with increasing levels of sophistication. We pre-
sented here a simple “fully developed” method for
modeling such flows that takes into account the tem-
perature profile that might be seen in nonisothermal
coextrusion but does not carefully solve the two-
dimensional energy equation. The objective was to
empirically predict stability in such flows through
two simple parameters, the viscosity ratio at the in-
terface between fluids and the similar ratio in normal
stress difference. The modeling can then be taken as
a predictive tool for designing coextrusion processes.

Though this paper considers only two examples, it
shows that the simplistic approach of adjusting ma-
terial temperatures to match viscosities gives an in-
sufficient understanding of the problems occurring,
particularly if the matching is done via low shear
rate data. First, the matching should be done at the
shear rate actually present at the interface, which
requires modeling of the flow, a primary incentive
for this work. Second, not only viscosity but also
normal stress has an influence on the stability of a
fluid-fluid interface. Modeling of the type presented
here allows calculation of both viscosity and normal
stress ratios. And third, when conduction between
layers is considered, even by the approximate method
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of this article, it becomes clear that in nonisothermal
flows information purely at the interface is incom-
plete. One would conclude from simple viscosity ra-
tioe that adjusting temperatures will in many cases
actually have an adverse effect. A more detailed
study of stability would have to account for material
behavior in some neighborhood of the interface, per-
haps through an extension of the present methods to
time-dependent flows.

APPENDIX

The appendix lists the material properties of the
polymers used in the modeling examples of this
study.

LDPE (27)
T° = 150°C
7° = 780 kg/m®
E/R =6,341 K
k = 0.223 W/m-K (28)
C, = 2,370 J/kg K (28)

n = 0.304
ng = 0.07
f=0.67
g (Pa) A (S,
37.76 59.13
371.0 18.17
1,952 3.68

10,800  0.6606
28,060  0.1073
60,400  0.02060
137,100  0.003026
302,700  0.0003381
PS(27)

T° = 180°C

#° = 970 kg/m®
C, =5.61
C.=1432K

k = 0.14 W/m-K (28)
C, = 1,000 J/kg-K

n, = 0.377

ng = 0.073
f=0.88

[*1} ]Pa| A (S »

77.63 51.52 .
1,338 8.669

927.5 5.135

17,620 1.018
50,040 0.1107
69.780 0.01065
100,900  0.0009927
555,800 0.00005821

HDPE (27)

T° = 170°C
2° = 960 kg/m®
E/R = 2,093 K
k = 0.26 W/m-K (28)
C, = 3,682 J/kg-K (28)
n, = 0.447
n; = 0.098

414

S=0.74
g (Pa) A (s)
343.4 34.35
2,925 4.282
5.048 1.035

18,640 0.3082
41,800 0.04120
38,400 0.02302
156,600 0.003378
211,500 0.0005155
Ultem® (26)
T° = 290°C
E/R = 20,000 K
k=0.2wWmK
C, = 3,000 J/kg-K
Carreau Model:
7= o[l + (A)V2
#o = 18,000 Pa-s
X=0.l1s
n=0.4
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NOMENCLATURE
Notation Conventions

dimensional value.
reference dimensional value.
nondimensional value.

X X
nono

English Symbols

ar = viscosity shift factor.

C,, C2. = WLF equation parameters.

E = Arrhenius equation activation energy.
= parameter (weighting) in Osaki strain

functional.

individual modulus value in linear vis-

coelastic spectrum.

Graetz number.

thermal conductivity.

parameter (exponent) in Osaki strain

functional.

pressure,

heat flux.

ideal gas constant.

flow time.

temperature.

velocity.

Cartesian coordinate in flow direction.

coordinate perpendicular to flow.

@
1]

-
[ I |

X C ™ poOT

e nunuunnn

Greek Symbols

viscosity.

material relaxation time constant.
density.

shear stress.

stream function.

first normal stress coefficient.

n
A
P
Txy

v
¥,
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inner material near an interface.
outer material near an interface.
contact time.

Superscripts

—

SO® N 2o b wo-

0

= temperature dependent reference value.
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